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Abstract: In a recent paper by L. A. Bokut, V. V. Chaynikov and K. P. Shum in 2007,
Braid group Bn is represented by Artin-Burau’s relations. For such a representation, it is
told that all other compositions can be checked in the same way. In this note, we support
this claim and check all compositions.
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1 Introduction
In two classical papers by A. A. Markov [9] and E. Artin [1], the normal form theorem for
braid groups was established. Recently, a new proof of this result had been published by
L. A. Bokut, V. V. Chaynikov and K. P. Shum [5]. The last proof is based on Gro¨bner-
Shirshov bases theory for non-commutative (and non-associative) algebras invented by A.
I. Shirshov [10]. In what follows, we will use the presentation of this theory from L. A.
Bokut and K. P. Shum [7], and L. A. Bokut and Y. Q. Chen [6]. To be more precise,
some compositions (S-polynomials) of Artin-Burau’s relations were checked in [5], and it
was claimed that all other compositions can be checked in the same way. In this paper,
we support the last claim and show that all compositions of Artin-Markov’s relations are
trivial.
2 Basic notation and results
We first cite some concepts and results from the literature [10, 3, 4] which are related to
the Gro¨bner-Shirshov bases for associative algebras.
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Let k be a field, k〈X〉 the free associative algebra over k generated by X and X∗ the
free monoid generated by X , where the empty word is the identity which is denoted by
1. For a word w ∈ X∗, we denote the length of w by |w|. Let X∗ be a well ordered set.
Let f ∈ k〈X〉 with the leading word f¯ . Then we call f monic if f¯ has coefficient 1.
A well order > on X∗ is called monomial if it is compatible with the multiplication of
words, that is, for u, v ∈ X∗, we have
u > v ⇒ w1uw2 > w1vw2, for all w1, w2 ∈ X
∗.
A standard example of monomial order on X∗ is the deg-lex order to compare two words
first by degree and then lexicographically, where X is a linearly ordered set.
Let f and g be two monic polynomials in k〈X〉 and < a monomial order on X∗. Then,
there are two kinds of compositions:
(i) If w is a word such that w = f¯ b = ag¯ for some a, b ∈ X∗ with |f¯ |+ |g¯| > |w|, then
the polynomial (f, g)w = fb − ag is called the intersection composition of f and g with
respect to w.
(ii) If w = f¯ = ag¯b for some a, b ∈ X∗, then the polynomial (f, g)w = f − agb is called
the inclusion composition of f and g with respect to w.
Let S ⊂ k〈X〉 such that every s ∈ S is monic. Then the composition (f, g)w is called
trivial modulo (S, w) if (f, g)w =
∑
αiaisibi, where each αi ∈ k, ai, bi ∈ X
∗, si ∈ S and
aisibi < w. If this is the case, then we write
(f, g)w ≡ 0 mod(S, w).
In general, for p, q ∈ k〈X〉, we write p ≡ q mod(S, w) which means that p − q =∑
αiaisibi, where each αi ∈ k, ai, bi ∈ X
∗, si ∈ S and aisibi < w.
A set S ⊂ k〈X〉 is called a Gro¨bner-Shirshov basis with respect to the monomial order
< if any composition of polynomials in S is trivial modulo S.
The following lemma was first proved by Shirshov [10] for free Lie algebras (with deg-lex
order) (see also Bokut [3]). Bokut [4] specialized the approach of Shirshov to associative
algebras (see also Bergman [2]). For the case of commutative polynomials, this lemma is
known as the Buchberger’s Theorem [8].
Lemma 2.1 (Composition-Diamond Lemma) Let k be a field, A = k〈X|S〉 = k〈X〉/Id(S)
and < a monomial order on X∗, where Id(S) is the ideal of k〈X〉 generated by S. Then
S is a Gro¨bner-Shirshov basis if and only if Irr(S) = {u ∈ X∗|u 6= as¯b, s ∈ S, a, b ∈ X∗}
is a linear basis of the algebra A = k〈X|S〉.
Let A = sgp〈X|S〉 be a semigroup presentation. By abuse of notation, S is also a subset
of k〈X〉. Suppose that S is a Gro¨bner-Shirshov basis of k〈X|S〉. Then the S-irreducible
set Irr(S) = {u ∈ X∗|u 6= afb, a, b ∈ X∗, f ∈ S} is a linear basis of k〈X|S〉 which is
also a normal form of A.
Definition 2.2 ([5]) Let Σ = {σ1, · · · , σn−1} be a finite alphabet. Then, the following
group presentation defines the n-strand braid group:
Bn = gp〈Σ | σt+1σtσt+1 = σtσt+1σt (1 ≤ t ≤ n−2), σiσj = σjσi (2 ≤ 1+j < i ≤ n−1)〉.
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We now introduce the concept of inverse tower order of words.
Definition 2.3 ([5]) Let X = Y ∪˙Z, words Y ∗ and the letters in Z be well ordered.
Suppose that the order on Y ∗ is monomial. Then, any word in X has the form u =
u0z1u1 · · · zkuk, where k ≥ 0, ui ∈ Y
∗, zi ∈ Z. Define the inverse weight of the word
u ∈ X∗ by
inwt(u) = (k, uk, zk, · · · , u1, z1, u0).
Now we order the inverse weights lexicographically as follows
u > v ⇔ inwt(u) > inwt(v).
Then we call the above order the inverse tower order. Clearly, this order is a monomial
order on X∗.
In case Y = T ∪˙U and Y ∗ is endowed with the inverse tower order, we call the order of
words in X the inverse tower order of words relative to the presentation
X = (T ∪˙U)∪˙Z.
In general, we can define the inverse tower order of X-words relative to the presentation
X = (· · · (X(n)∪˙X(n−1))∪˙ · · · )∪˙X(0),
where X(n)-words are endowed by a monomial order.
In the braid group Bn, we now introduce a new set of generators which are called the
Artin-Burau generators. We set
si,i+1 = σ
2
i , si,j+1 = σj · · ·σi+1σ
2
i σ
−1
i+1 · · ·σ
−1
j , 1 ≤ i < j ≤ n− 1;
σi,j+1 = σ
−1
i · · ·σ
−1
j , 1 ≤ i ≤ j ≤ n− 1; σii = 1, {a, b} = b
−1ab.
Form the set
Sj = {si,j, s
−1
i,j , 1 ≤ i, j < n} and Σ
−1 = {σ−11 , · · ·σ
−1
n−1}.
Then the set
S = Sn ∪ Sn−1 ∪ · · · ∪ S2 ∪ Σ
−1
generates Bn as a semigroup.
Now we order the set S in the following way:
Sn < Sn−1 < · · · < S2 < Σ
−1,
and
s−11,j < s1,j < s
−1
2,j < · · · < sj−1,j , σ
−1
1 < σ
−1
2 < · · ·σ
−1
n−1.
With the above notation, we now order the S-words by using the inverse tower order,
according to the fixed presentation of S as the union of Sj and Σ
−1. We order the Sn-
words by the deg − inlex order, i.e., we first compare the words by length and then by
inverse lexicographical order, starting from their last letters.
3
Lemma 2.4 ([5]) The following Artin-Markov relations hold in the braid group Bn. For
δ = ±1,
σ−1k s
δ
i,j = s
δ
i,jσ
−1
k , k 6= i− 1, i, j − 1, j (1)
σ−1i s
δ
i,i+1 = s
δ
i,i+1σ
−1
1 (2)
σ−1i−1s
δ
i,j = s
δ
i−1,jσ
−1
i−1 (3)
σ−1i s
δ
i,j = {s
δ
i+1,j, si,i+1}σ
−1
i (4)
σ−1j−1s
δ
i,j = s
δ
i,j−1σ
−1
j−1 (5)
σ−1j s
δ
i,j = {s
δ
i,j+1, sj,j+1}σ
−1
j (6)
for i < j < k < l, ε = ±1,
s−1j,ks
ε
k,l = {s
ε
k,l, s
−1
j,l }s
−1
j,k (7)
sj,ks
ε
k,l = {s
ε
k,l, sj,lsk,l}sj,k (8)
s−1j,ks
ε
j,l = {s
ε
j,l, s
−1
k,l s
−1
j,l }s
−1
j,k (9)
sj,ks
ε
j,l = {s
ε
j,l, sk,l}sj,k (10)
s−1i,ks
ε
j,l = {s
ε
j,l, sk,lsi,ls
−1
k,l s
−1
i,l }s
−1
i,k (11)
si,ks
ε
j,l = {s
ε
j,l, s
−1
i,l s
−1
k,l si,lsk,l}si,k (12)
for j < i < k < l or i < k < j < l, and ε, δ = ±1,
sδi,ks
ε
j,l = s
ε
j,ls
δ
i,k (13)
and
σ−1j σ
−1
k = σ
−1
k σ
−1
j , j < k − 1 (14)
σj,j+1σk,j+1 = σk,j+1σj−1,j , j < k (15)
σ−2i = s
−1
i,i+l (16)
s±1i,j s
∓1
i,j = 1 (17)
The following theorem is from L. A. Bokut, V. V. Chaynikov and K. P. Shum [5] in
which the authors checked some compositions in (1)-(17) and claimed that all compositions
can be checked to be trivial in the same way. Here, we support the claim and check all
compositions.
Theorem 2.5 ([5]) The Artin-Markov relations (1)-(17) form a minimal Gro¨bner-Shirshov
basis of the braid group Bn in terms of the Artin-Burau generators relative to the inverse
tower order of words.
Proof: We check all compositions step by step.
Denote by (i)∧ (j) the composition of the type (i) and type (j), and si,j = (i, j) = (ij).
(1) ∧ (7)
Letn f = σ−1q (jk)
−1−(jk)−1σ−1q , q 6= j, j−1, k, k−1, g = (jk)
−1(kl)ε−{(kl)ε, (jl)−1}(jk)−1, j <
k < l. Then w = σ−1q (jk)
−1(kl)ε and
(f, g)w = σ
−1
q {(kl)
ε, (jl)−1}(jk)−1 − (jk)−1σ−1q (kl)
ε.
There are three cases to consider.
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1) q 6= l, l − 1. This case is trivial.
2) q = l.
σ−1q {(kl)
ε, (jl)−1}(jk)−1
= σ−1l {(kl)
ε, (jl)−1}(jk)−1
≡ {{(k, l + 1)ε, (l, l + 1)}, {(j, l + 1)−1, (l, l + 1)}}σ−1l (jk)
−1
≡ {(k, l + 1)ε, (j, l + 1)−1(l, l + 1)}(jk)−1σ−1l and
(jk)−1σ−1q (kl)
ε = (jk)−1σ−1l (kl)
ε
≡ (jk)−1{(k, l + 1)ε, (l, l + 1)}σ−1l
≡ {{(k, l + 1)ε, (j, l + 1)−1}, (l, l + 1)}(jk)−1σ−1l
≡ {(k, l + 1)ε, (j, l + 1)−1(l, l + 1)}(jk)−1σ−1l .
Thus, (f, g)w ≡ 0.
3) q = l − 1.
(f, g)w = σ
−1
l−1{(kl)
ε, (jl)−1}(jk)−1 − (jk)−1σ−1l−1(kl)
ε
≡ {(k, l − l)ε, (j, l − 1)−1}(jk)−1σ−1l−1 − (jk)
−1(k, l − l)εσ−1l−1
≡ {(k, l − l)ε, (j, l − 1)−1}(jk)−1σ−1l−1 − {(k, l − l)
ε, (j, l − 1)−1}(jk)−1σ−1l−1
≡ 0.
(1) ∧ (8)
Letn f = σ−1q (jk)− (jk)σ
−1
q , q 6= j, j−1, k, k−1, g = (jk)(kl)
ε−{(kl)ε, (jl)(kl)}(jk), j <
k < l. Then w = σ−1q (jk)(kl)
ε and
(f, g)w = σ
−1
q {(kl)
ε, (jl)(kl)}(jk)− (jk)σ−1q (kl)
ε.
There are three cases to consider.
1) The case q 6= l, l − 1 is trivial.
2) q = l.
σ−1l {(kl)
ε, (jl)(kl)}(jk)
≡ {(k, l + 1)ε, (j, l + 1)(k, l + 1)(l, l + 1)}(jk)σ−1l and
(jk)σ−1l (kl)
ε
≡ (jk){(k, l + 1)ε, (l, l + 1)}σ−1l
≡ {(k, l + l)ε, (j, l + 1)(k, l + 1)(l, l + 1)}(jk)σ−1l .
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3) q = l − 1.
σ−1l−1{(kl)
ε, (jk)(kl)}(jk)
≡ {(k, l − l)ε, (j, l − 1)(k, l− 1)}(jk)σ−1l−1 and
(jk)σ−1l−1(kl)
ε
≡ (jk)(k, l − 1)εσ−1l−1
≡ {(k, l − l)ε, (j, l − 1)(k, l− 1)}(jk)σ−1l−1.
(1) ∧ (9)
Let f = σ−1q (jk)
−1−(jk)−1σ−1q , q 6= j, j−1, k, k−1, g = (jk)
−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, j <
k < l. Then w = σ−1q (jk)
−1(jl)ε and
(f, g)w ≡ σ
−1
q {(jl)
ε, (kl)−1(jl)−1}(jk)−1 − (jk)−1σ−1q (jl)
ε.
There are three cases to consider.
1) The case q 6= l, l − 1 is trivial.
2) q = l.
σ−1l {(jl)
ε, (kl)−1(jl)−1}(jk)−1
≡ {(j, l + 1)ε, (k, l + 1)−1(j, l + l)−1(l, l + 1)}(jk)−1σ−1l and
(jk)−1σ−1l (j, l)
ε
≡ (jk)−1{(j, l + 1)ε, (l, l + 1)}σ−1l
≡ {(j, l + 1)ε, (k, l + l)−1(j, l + 1)−1(l, l + 1)}(jk)−1σ−1l .
3) q = l − 1.
σ−1l−1{(jl)
ε, (kl)−1(jl)−1}(jk)−1
≡ {(j, l − 1)ε, (k, l − 1)−1(j, l − 1)−1}(jk)−1σ−1l−1 and
(jk)−1σ−1l−1(jl)
ε
≡ (jk)−1(j, l − 1)εσ−1l−1
≡ {(j, l − 1)ε, (k, l − 1)−1(j, l − 1)−1}(jk)−1σ−1l−1.
(1) ∧ (10)
Let f = σ−1q (jk)−(jk)σ
−1
q , q 6= j, j−1, k, k−1, g = (jk)(jl)
ε−{(jl)ε, (k, l)}(jk), j < k < l.
Then w = σ−1q (jk)(jl)
ε and
(f, g)w = σ
−1
q {(jl)
ε, (kl)}(jk)− (jk)σ−1q (jl)
ε.
There are three cases to consider.
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1) The case q 6= l, l − 1 is trivial.
2) q = l.
(f, g)w ≡ {(j, l+1)
ε, (k, l+1)(l, l+1)}(jk)σ−1q −{(j, l+1)
ε, (k, l+1)(l, l+1)}(jk)σ−1q ≡ 0.
3) q = l − 1.
(f, g)w ≡ {(j, l − 1)
ε, (k, l − 1)}(jk)σ−1l−1 − {(j, l − 1)
ε, (k, l − 1)}(jk)σ−1l−1 ≡ 0.
(1) ∧ (11)
Let f = σ−1q (ik)
−1−(ik)−1σ−1q , q 6= i, i−1, k, k−1, g = (ik)
−1(jl)ε−{(jl)ε, (kl)(il)(kl)−1(il)−1}, i <
j < k < l. Then w = σ−1q (ik)
−1(jl)ε and
(f, g)w = σ
−1
q {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − (ik)−1σ−1q (jl)
ε.
There are five cases to consider.
1) The case q 6= l, l − 1, j, j − 1 is trivial.
2) q = j.
σ−1j {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(j + 1, l)ε, (j, j + 1)(kl)(il)(kl)−1(il)−1}(ik)−1σ−1j
≡ {(j + 1, l)ε, (kl)(il)(kl)−1(il)−1(j, j + 1)}(ik)−1σ−1j and
(ik)−1σ−1j (jl)
ε
≡ (ik)−1{(j + 1, l)ε, (j, j + 1)}σ−1j
≡ {(j + 1, l)ε, (kl)(il)(kl)−1(il)−1(j, j + 1)}(ik)−1σ−1j .
3) q = j − 1.
(f, g)w ≡ {(j − 1, l)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1σ−1j−1
−{(j − 1, l)ε, (kl)(il)(kl)−1(il)−1}(ik)−1σ−1j−1
≡ 0.
4) q = l.
(f, g)w ≡ {(j, l + 1)
ε, (k, l + 1)(i, l + 1)(k, l + 1)−1(i, l + 1)−1(l, l + 1)}(ik)−1σ−1l
−{(j, l + 1)ε, (k, l + 1)(i, l + 1)(k, l + 1)−1(i, l + 1)−1(l, l + 1)}(ik)−1σ−1l
≡ 0.
5) q = l − 1.
(f, g)w ≡ {(j, l − 1)
ε, (k, l − 1)(i, l − 1)(k, l − 1)−1(i, l − 1)−1}(ik)−1σ−1l−1
−{(j, l − 1)ε, (k, l − 1)(i, l − 1)(k, l − 1)−1(i, l − 1)−1}(ik)−1σ−1l−1
≡ 0.
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(1) ∧ (12)
Let f = σ−1q (ik)−(ik)σ
−1
q , q 6= i, i−1, k, k−1, g = (ik)(jl)
ε−{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i <
j < k < l. Then w = σ−1q (ik)(jl)
ε and
(f, g)w = σ
−1
q {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− (ik)σ−1q {(jl)
ε.
There are five cases to consider.
1) The case q 6= l, l − 1, j, j − 1 is trivial.
2) q = j.
σ−1j {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(j + 1, l)ε, (j, j + 1)(il)−1(kl)−1(il)(kl)}(ik)σ−1j
≡ {(j + 1, l)ε, (il)−1(kl)−1(il)(kl)(j, j + 1)}(ik)σ−1j and
(ik)σ−1j (jl)
ε
= (ik){(j + 1, l)ε, (j, j + 1)}σ−1j
≡ {(j + 1, l)ε, (il)−1(kl)−1(il)(kl)(j, j + 1)}(ik)σ−1j .
3) q = j − 1.
(f, g)w ≡ {(j − 1, l)
ε, (il)−1(kl)−1(il)(kl)}(ik)σ−1j−1 −
{(j − 1, l)ε, (il)−1(kl)−1(il)(kl)}(ik)σ−1j−1
≡ 0.
4) q = l.
(f, g)w ≡ {(j, l + 1)
ε, (i, l + 1)−1(k, l + 1)−1(i, l + 1)(k, l + 1)(l, l + 1)}(ik)σ−1l
−{(j, l + 1)ε, (i, l + 1)−1(k, l + 1)−1(i, l + 1)(k, l + 1)(l, l + 1)}(ik)σ−1l
≡ 0.
5) q = l − 1.
(f, g)w ≡ {(j, l − 1)
ε, (i, l − 1)−1(k, l − 1)−1(i, l − 1)(k, l − 1)}(ik)σ−1l−1
−{(j, l − 1)ε, (i, l − 1)−1(k, l − 1)−1(i, l − 1)(k, l − 1)}(ik)σ−1l−1
≡ 0.
(1) ∧ (13)
Letf = σ−1q (ik)δ − (ik)
δσ−1q , q 6= i, i− 1, k, k − 1, g = (ik)
δ(jl)ε − (jl)ε(ik)δ, j < i < k <
l or i < k < j < l. Then w = σ−1q (ik)
δ(jl)ε and
(f, g)w = σ
−1
q (jl)
ε(ik)δ − (ik)δσ−1q (jl)
ε.
There are five cases to consider.
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1) The case q 6= l, l − 1, j, j − 1 is trivial.
2) q = j.
σ−1j (jl)
ε(ik)δ
≡ {(j + 1, l)ε, (j, j + 1)}σ−1j (ik)
δ
≡ {(j + 1, l)ε, (j, j + 1)}(ik)δσ−1j and
(ik)δσ−1j (jl)
ε
≡ (ik)δ{(j + 1, l)ε, (j, j + 1)}σ−1j
≡ {(j + 1, l)ε, (j, j + 1)}(ik)δσ−1j .
3) q = j − 1.
(f, g)w ≡ (j − 1, l)
ε(ik)δσ−1j−1 − (j − 1, l)
ε(ik)δσ−1j−1 ≡ 0.
4) q = l.
(f, g)w ≡ {(j, l + 1)
ε, (l, l + 1)}(ik)δσ−1l − {(j, l + 1)
ε, (l, l + 1)}(ik)δσ−1l ≡ 0.
5) q = l − 1.
(f, g)w ≡ (j, l − 1)
ε(ik)δσ−1l−1 − (j, l − 1)
ε(ik)δσ−1l−1 ≡ 0.
(2) ∧ (7)
Let f = σ−1j (j, j+1)
−1−(j, j+1)−1σ−1j , g = (j, j+1)
−1(j+1, l)ε−{(j+1, l)ε, (jl)−1}(j, j+
1)−1, j + 1 < l. Then w = σ−1j (j, j + 1)
−1(j + 1, l)ε and
(f, g)w = σ
−1
j {(j + 1, l)
ε, (jl)−1}(j, j + 1)−1 − (j, j + 1)−1σ−1j (j + 1, l)
ε
≡ {(jl)ε, {(j + 1, l)−1, (j, j + 1)}}(j, j + 1)−1σ−1j −
(j, j + 1)−1(jl)εσ−1j
≡ {(jl)ε, (j + 1, l)−1(jl)−1}(j, j + 1)−1σ−1j − {(jl)
ε, (j + 1, l)−1(jl)−1}(j, j + 1)−1σ−1j
≡ 0.
(2) ∧ (8)
Let f = σ−1j (j, j+1)−(j, j+1)σ
−1
j , g = (j, j+1)(j+1, l)
ε−{(j+1, l)ε, (jl)(j+1, l)}(j, j+
1), j + 1 < l. Then w = σ−1j (j, j + 1)(j + 1, l)
ε and
(f, g)w = σ
−1
j {(j + 1, l)
ε, (jl)(j + 1, l)}(j, j + 1)− (j, j + 1)σ−1j (j + 1, l)
ε
≡ {(jl)ε, {(j + 1, l), (j, j + 1)}(jl)}(j, j + 1)σ−1j − (j, j + 1)(jl)
εσ−1j
≡ (jl)−1(j, j + 1)−1(j + 1, l)−1(j, j + 1)(jl)ε(j, j + 1)−1(j + 1, l)(j, j + 1)
(jl)(j, j + 1)σ−1j − {(jl)
ε, (j + 1, l)}(j, j + 1)σ−1j
≡ (jl)−1(jl)(j + 1, l)−1(jl)−1(j, j + 1)−1(j, j + 1)(jl)ε(jl)(j + 1, l)(jl)−1(j, j + 1)−1
(j, j + 1)(jl)(j, j + 1)σ−1j − {(jl)
ε, (j + 1, l)}(j, j + 1)σ−1j
≡ 0.
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(2) ∧ (9)
Let f = σ−1j (j, j+1)
−1−(j, j+1)−1σ−1j , g = (j, j+1)
−1(jl)ε−{(jl)ε, (j+1, l)−1(jl)−1}(j, j+
1)−1, j + 1 < l. Then w = σ−1j (j, j + 1)
−1(jl)ε and
(f, g)w = σ
−1
j {(jl)
ε, (j + 1, l)−1(jl)−1}(j, j + 1)−1 − (j, j + 1)−1σ−1j (jl)
ε
≡ {{(j + 1, l)ε, (j, j + 1)}, (jl)−1{(j + 1, l)−1, (j, j + 1)}}(j, j + 1)−1σ−1j
−(j, j + 1)−1{(j + 1, l)ε, (j, j + 1)}σ−1j
≡ (j, j + 1)−1(j + 1, l)(j, j + 1)(jl)(j, j + 1)−1(j + 1, l)ε(j, j + 1)(jl)−1(j, j + 1)−1σ−1j
−{(j + 1, l)ε, (jl)−1(j, j + 1)}(j, j + 1)−1σ−1j
≡ (jl)(j + 1, l)(jl)−1(j, j + 1)−1(j, j + 1)(jl)(j, j + 1)−1(j + 1, l)ε(j, j + 1)(jl)−1(jl)
(j + 1, l)−1(jl)−1(j, j + 1)−1σ−1j − (j, j + 1)
−1{(j + 1, l)ε, (jl)−1}σ−1j
≡ (jl)(j + 1, l)(jl)(j + 1, l)ε(jl)−1(j, j + 1)−1(j, j + 1)(j + 1, l)−1(jl)−1(j, j + 1)−1σ−1j
−{{(j + 1, l)ε, (jl)−1}, {(jl)−1, (j + 1, l)−1(jl)−1}}(j, j + 1)−1σ−1j
≡ 0.
(2) ∧ (10)
Let f = σ−1j (j, j+1)−(j, j+1)σ
−1
j , g = (j, j+1)(jl)
ε−{(jl)ε, (j+1, l)}(j, j+1), j+1 < l.
Then w = σ−1j (j, j + 1)(jl)
ε and
(f, g)w = σ
−1
j {(jl)
ε, (j + 1, l)}(j, j + 1)− (j, j + 1)σ−1j (jl)
ε
≡ σ−1j {(jl)
ε, (j + 1, l)}(j, j + 1)− (j, j + 1){(j + 1, l)ε, (j, j + 1)}σ−1j
≡ {{(j + 1, l)ε, (j, j + 1)}, (jl)}(j, j + 1)σ−1j − (j + 1, l)
ε(j, j + 1)σ−1j
≡ (jl)−1(j, j + 1)−1(j + 1, l)ε(j, j + 1)(jl)(j, j + 1)σ−1j − (j + 1, l)
ε(j, j + 1)σ−1j
≡ (jl)−1(jl)(j + 1, l)ε(jl)−1(j, j + 1)−1(j, j + 1)(jl)(j, j + 1)σ−1j −
(j + 1, l)ε(j, j + 1)σ−1j
≡ 0.
(2) ∧ (13)
Let f = σ−1i (i, i+ 1)
δ − (i, i+ 1)δσ−1i , g = (i, i+ 1)
δ(jl)ε − (jl)ε(i, i+ 1)δ, j < i < i+ 1 <
l or i < i+ 1 < j < l. Then w = σ−1i (i, i+ 1)
δ(jl)ε and
(f, g)w = σ
−1
i (jl)
ε(i, i+ 1)δ − (i, i+ 1)δσ−1i (jl)
ε
≡ (jl)εσ−1i (i, i+ 1)
δ − (i, i+ 1)δ(jl)εσ−1i
≡ (jl)ε(i, i+ 1)δσ−1i − (jl)
ε(i, i+ 1)δσ−1i
≡ 0.
(3) ∧ (7)
Let f = σ−1j−1(jk)
−1 − (j − 1, k)−1σ−1j−1, g = (jk)
−1(kl)ε − {(kl)ε, (jl)−1}(jk)−1, j < k < l.
Then w = σ−1j−1(jk)
−1(kl)ε and
(f, g)w = σ
−1
j−1{(kl)
ε, (jl)−1}(jk)−1 − (j − 1, k)−1σ−1j−1(kl)
ε
≡ {(kl)ε, (j − 1, l)−1}(j − 1, k)−1σ−1j−1 − (j − 1, k)
−1(kl)εσ−1j−1
≡ {(kl)ε, (j − 1, l)−1}(j − 1, k)−1σ−1j−1 − {(kl)
ε, (j − 1, l)−1}(j − 1, k)−1σ−1j−1
≡ 0.
10
(3) ∧ (8)
Let f = σ−1j−1(jk)− (j − 1, k)σ
−1
j−1, g = (jk)(kl)
ε − {(kl)ε, (jl)(kl)}(jk), j < k < l. Then
w = σ−1j−1(jk)(kl)
ε and
(f, g)w = σ
−1
j−1{(kl)
ε, (jl)(kl)}(jk)− (j − 1, k)σ−1j−1(kl)
ε
≡ {(kl)ε, (j − 1, l)(kl)}(j − 1, k)σ−1j−1 − (j − 1, k)(kl)
εσ−1j−1
≡ {(kl)ε, (j − 1, l)(kl)}(j − 1, k)σ−1j−1 − {(kl)
ε, (j − 1, l)(kl)}(j − 1, k)σ−1j−1
≡ 0.
(3) ∧ (9)
Let f = σ−1j−1(jk)
−1(j− 1, k)−1σ−1j−1, g = (jk)
−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, j < k <
l. Then w = σ−1j−1(jk)
−1(jl)ε and
(f, g)w = σ
−1
j−1{(jl)
ε, (kl)−1(jl)−1}(jk)−1 − (j − 1, k)−1σ−1j−1(jl)
ε
≡ {(j − 1, l)ε, (kl)−1(j − 1, l)−1}(j − 1, k)−1σ−1j−1 − (j − 1, k)
−1(j − 1, l)εσ−1j−1
≡ {(j − 1, l)ε, (kl)−1(j − 1, l)−1}(j − 1, k)−1σ−1j−1 −
{(j − 1, l)ε, (kl)−1(j − 1, l)−1}(j − 1, k)−1σ−1j−1
≡ 0.
(3) ∧ (10)
Let f = σ−1j−1(jk) − (j − 1, k)σ
−1
j−1, g = (jk)(jl)
ε − {(jl)ε, (kl)}(jk), j < k < l. Then
w = σ−1j−1(jk)(jl)
ε and
(f, g)w = σ
−1
j−1{(jl)
ε, (kl)}(jk)− (j − 1, k)σ−1j−1(jl)
ε
≡ {(j − 1, l)ε, (kl)}(j − 1, k)σ−1j−1 − (j − 1, k)(j − 1, l)
εσ−1j−1
≡ 0.
(3) ∧ (11)
Let f = σ−1i−1(ik)
−1−(i−1, k)−1σ−1i−1, g = (ik)
−1(jl)ε−{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, i <
j < k < l. Then w = σ−1i−1(ik)
−1(jl)ε and
(f, g)w = σ
−1
i−1{(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − (i− 1, k)−1σ−1i−1(jl)
ε
≡ {(jl)ε, (kl)(i− 1, l)(kl)−1(i− 1, l)−1}(i− 1, k)−1σ−1i−1 − (i− 1, k)
−1(jl)εσ−1i−1
≡ 0.
(3) ∧ (12)
Let f = σ−1i−1(ik)− (i− 1, k)σ
−1
i−1, g = (ik)(jl)
ε − {(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i < j <
k < l. Then w = σ−1i−1(ik)(jl)
ε and
(f, g)w = σ
−1
i−1{(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− (i− 1, k)σ−1i−1(jl)
ε
≡ {(jl)ε, (i− 1, l)−1(kl)−1(i− 1, l)(kl)}(i− 1, k)σ−1i−1 − (i− 1, k)(jl)
εσ−1i−1
≡ 0.
(3) ∧ (13)
f = σ−1i−1(ik)
δ − (i− 1, k)δσ−1i−1, g = (ik)
δ(jl)ε − (jl)ε(ik)δ. Then w = σ−1i−1(ik)
δ(jl)ε and
(f, g)w = σ
−1
i−1(jl)
ε(ik)δ − (i− 1, k)δσ−1i−1(jl)
ε.
There are two cases to consider.
11
1) j < i < k < l. In this case, there are two subcases to consider.
a) i− 1 = j.
(f, g)w
= σ−1i−1(i− 1, l)
ε(ik)δ − (i− 1, k)δσ−1i−1(i− 1, l)
ε
≡ {(il)ε, (i− 1, i)}(i− 1, k)δσ−1i−1 − (i− 1, k)
δ{(il)ε, (i− 1, i)}σ−1i−1
≡ (i− 1, i)−1(il)ε(i− 1, i)(i− 1, k)δσ−1i−1 − (i− 1, k)
δ(i− 1, l)(il)ε(i− 1, l)−1σ−1i−1.
If δ = 1, then
(f, g)w ≡ (i− 1, l)(il)
ε(i− 1, l)−1(i− 1, k)δσ−1i−1 − {(i− 1, l), (kl)}{(il)
ε,
(i− 1, l)−1(kl)−1(i− 1, l)(kl)}{(i− 1, l)−1, (kl)}(i− 1, k)δσ−1i−1
≡ 0.
If δ = −1, then
(f, g)w ≡ (i− 1, l)(il)
ε(i− 1, l)−1(i− 1, k)δσ−1i−1 − {(i− 1, l), (kl)
−1(i− 1, l)−1}
{(il)ε, (kl)(i− 1, l)(kl)−1(i− 1, l)−1}{(i− 1, l)−1(kl)−1(i− 1, l)−1}
(i− 1, k)δσ−1i−1
≡ 0.
b) j < i− 1.
(f, g)w = σ
−1
i−1(jl)
ε(ik)δ − (i− 1, k)δσ−1i−1(jl)
ε
≡ (jl)ε(i− 1, k)δσ−1i−1 − (i− 1, k)
δ(jl)εσ−1i−1
≡ (jl)ε(i− 1, k)δσ−1i−1 − (jl)
ε(i− 1, k)δσ−1i−1
≡ 0.
2) i < k < j < l.
(f, g)w = σ
−1
i−1(jl)
ε(ik)δ − (i− 1, k)δσ−1i−1(jl)
ε
≡ (jl)ε(i− 1, k)δσ−1i−1 − (i− 1, k)
δ(jl)εσ−1i−1
≡ (jl)ε(i− 1, k)δσ−1i−1 − (jl)
ε(i− 1, k)δσ−1i−1
≡ 0.
(4) ∧ (7)
Let f = σ−1j (jk)
−1−{(j+1, k)−1(j, j+1)}σ−1j , g = (jk)
−1(kl)ε−{(kl)ε, (jl)−1}(jk)−1, j+
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1 < k < l. Then w = σ−1j (jk)
−1(kl)ε and
(f, g)w = σ
−1
j {(kl)
ε, (jl)−1}(jk)−1 − {(j + 1, k)−1, (j, j + 1)}σ−1j (kl)
ε
≡ {(kl)ε, {(j + 1, l)−1, (j, j + 1)}}{(j + 1, k)−1, (j, j + 1)}σ−1j − {(j + 1, k)
−1
(j, j + 1)}(kl)εσ−1j
≡ (j, j + 1)−1(j + 1, l)(j, j + 1)(kl)ε(j, j + 1)−1(j + 1, l)−1(j + 1, k)−1
(j, j + 1)σ−1j − (j, j + 1)
−1(j + 1, k)−1(j, j + 1)(kl)εσ−1j
≡ (jl)(j + 1, l)(jl)−1(kl)ε(jl)(j + 1, l)−1(jl)−1(j, j + 1)−1(j + 1, k)−1
(j, j + 1)σ−1j − (j, j + 1)
−1(j + 1, k)−1(kl)ε(j, j + 1)σ−1j
≡ (jl)(j + 1, l)(jl)−1(kl)ε(jl)(j + 1, l)−1(jl)−1(jk)(j + 1, k)−1(jk)−1(j, j + 1)−1
(j, j + 1)σ−1j − (j, j + 1)
−1(j + 1, l)(kl)ε(j + 1, l)−1(j + 1, k)−1(j, j + 1)σ−1j
≡ (jl)(j + 1, l)(jl)−1(kl)ε(jl)(j + 1, l)−1(jl)−1(jk)(j + 1, k)−1(jk)−1σ−1j − (jl)
(j + 1, l)(jl)−1(kl)ε(jl)(j + 1, l)−1(jl)−1(j, j + 1)−1(j + 1, k)−1(j, j + 1)σ−1j
≡ (jl)(j + 1, l)(jl)−1(kl)ε(jl)(j + 1, l)−1(jl)−1(jk)(j + 1, k)−1(jk)−1σ−1j
−(jl)(j + 1, l)(jl)−1(kl)ε(jl)(j + 1, l)−1(jl)−1(jk)(j + 1, k)−1(jk)−1
(j, j + 1)−1(j, j + 1)σ−1j
≡ 0.
(4) ∧ (8)
Let f = σ−1j (jk)−{(j +1, k), (j, j+1)}σ
−1
j , g = (jk)(kl)
ε−{(kl)ε, (jl)(kl)}(jk), j +1 <
k < l. Then w = σ−1j (jk)(kl)
ε and
(f, g)w = σ
−1
j {(kl)
ε, (jl)(kl)}(jk)− {(j + 1, k), (j, j + 1)}σ−1j (kl)
ε ≡ 0
since
σ−1j {(kl)
ε, (jl)(kl)}(jk)
≡ {(kl)ε, {(j + 1, l), (j, j + 1)}(kl)}{(j + 1, k), (j, j + 1)}σ−1j
≡ (kl)−1(j, j + 1)−1(j + 1, l)−1(j, j + 1)−1(kl)ε(j, j + 1)−1(j + 1, l)(j, j + 1)(kl)(j, j + 1)−1
(j + 1, k)(j, j + 1)σ−1j
≡ (kl)−1(jl)(j + 1, l)−1(jl)−1(kl)ε(jl)(j + 1, l)(jl)−1(kl)(jk)(j + 1, k)(jk)−1σ−1j and
{(j + 1, k), (j, j + 1)}σ−1j (kl)
ε
≡ (j, j + 1)−1(j + 1, k)(j, j + 1)(kl)εσ−1j
≡ (j, j + 1)−1(j + 1, k)(kl)ε(j, j + 1)σ−1j
≡ (j, j + 1)−1{(kl)ε, (j + 1, l)(kl)}(j + 1, k)(j, j + 1)σ−1j
≡ {(kl)ε, {(j + 1, l), (jl)−1}(kl)}.{(j + 1, k)(jk)−1}(j, j + 1)−1(j, j + 1)σ−1j
≡ (kl)−1(jl)(j + 1, l)−1(jl)−1(kl)ε(jl)(j + 1, l)(jl)−1(kl)(jk)(j + 1, k)(jk)−1σ−1j .
(4) ∧ (9)
Let f = σ−1j (jk)
−1−{(j+1, k)−1, (j, j+1)}σ−1j , g = (jk)
−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, j+
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1 < k < l. Then w = σ−1j (jk)
−1(jl)ε and
(f, g)w = σ
−1
j {(jl)
ε, (kl)−1(jl)−1}(jk)−1 − {(j + 1, k)−1(j, j + 1)}σ−1j (jl)
ε ≡ 0
since
σ−1j {(jl)
ε, (kl)−1(jl)−1}(jk)−1
≡ {{(j + 1, l)ε, (j, j + 1)}, (kl)−1{(j + 1, l)−1, (j, j + 1)}}{(j + 1, k)−1, (j, j + 1)σ−1j
≡ (j, j + 1)−1(j + 1, l)(j, j + 1)(kl)(j, j + 1)−1(j + 1, l)ε(j, j + 1)(kl)−1(j, j + 1)−1
(j + 1, l)−1(j + 1, k)−1(j, j + 1)σ−1j
≡ (jl)(j + 1, l)(jl)−1(kl)(jl)(j + 1, l)ε(jl)−1(kl)−1(jl)(j + 1, l)−1(jl)−1(jk)(j + 1, k)−1
(jk)−1σ−1j and
{(j + 1, k)−1, (j, j + 1)}σ−1j (jl)
ε
≡ (j, j + 1)−1(j + 1, k)−1(j, j + 1)(j, j + 1)−1(j + 1, l)ε(j, j + 1)σ−1j
≡ (j, j + 1)−1{(j + 1, l)ε, (kl)−1(j + 1, l)−1}(j + 1, k)−1(j, j + 1)σ−1j
≡ {{(j + 1, l)ε, (jl)−1}, (kl)−1{(j + 1, l)−1, (jl)−1}}{(j + 1, k)−1, (jk)−1}σ−1j
≡ (jl)(j + 1, l)(jl)−1(kl)(jl)(j + 1, l)ε(jl)−1(kl)−1(jl)(j + 1, l)−1(jl)−1(jk)(j + 1, k)−1
(jk)−1σ−1j .
(4) ∧ (10)
Let f = σ−1j (jk)−{(j+1, k), (j, j+1)}σ
−1
j , g = (jk)(jl)
ε−{(jl)ε, (kl)}(jk), j+1 < k < l.
Then w = σ−1j (jk)(jl)
ε and
(f, g)w = σ
−1
j {(jl)
ε, (kl)}(jk)− {(j + 1, k), (j, j + 1)}σ−1j (jl)
ε
≡ {(j + 1, l)ε, (j, j + 1)(kl)}{(j + 1, k), (j, j + 1)}σ−1j
−(j, j + 1)−1(j + 1, k)(j + 1, l)ε(j, j + 1)σ−1j
≡ {(j + 1, l)ε, (j, j + 1)(kl)}{(j + 1, k), (j, j + 1)}σ−1j
−(j, j + 1)−1{(j + 1, l)ε, (kl)}(j + 1, k)(j, j + 1)σ−1j
≡ (kl)−1(jl)(j + 1, l)ε(jl)−1(kl)(jk)(j + 1, k)(jk)−1σ−1j
−(kl)−1(jl)(j + 1, l)ε(jl)−1(kl)(jk)(j + 1, k)(jk)−1σ−1j
≡ 0.
(4) ∧ (11)
Let f = σ−1i (ik)
−1−{(i+1, k)−1, (i, i+1)}σ−1i , g = (ik)
−1(jl)ε−{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, i <
j < k < l. Then w = σ−1i (ik)
−1(jl)ε and
(f, g)w = σ
−1
i {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − {(i+ 1, k)−1, (i, i+ 1)}σ−1i (jl)
ε.
There are two cases to consider.
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1) i = j − 1.
σ−1j−1{(jl)
ε, (kl)(j − 1, l)(kl)−1(j − 1, l)−1}(j − 1, k)−1
≡ {(j − 1, l)ε, (kl){(jl), (j − 1, j)}(kl)−1{(jl)−1, (j − 1, j)}}{(jk)−1, (j − 1, j)}σ−1j−1
≡ (j − 1, j)−1(jl)(j − 1, j)(kl)(j − 1, j)−1(jl)−1(j − 1, j)(kl)−1(j − 1, l)ε(kl)
(j − 1, j)−1(jl)(j − 1, j)(kl)−1(j − 1, j)−1(jl)−1(jk)−1(j − 1, j)σ−1j−1
≡ {(j − 1, l)ε, (kl)(j − 1, l)(jl)(j − 1, l)−1(kl)−1(j − 1, l)(jl)−1(j − 1, l)−1}
(j − 1, k)(jk)−1(j − 1, k)−1σ−1j−1 and
{(jk)−1, (j − 1, j)}σ−1j−1(jl)
ε
≡ (j − 1, j)−1(jk)−1(j − 1, j)(j − 1, l)εσ−1j−1
≡ (j − 1, j)−1(jk)−1{(j − 1, l)ε, (jl)}(j − 1, j)σ−1j−1
≡ (j − 1, j)−1{(j − 1, l)ε, {(jl), (kl)−1(jl)−1}}(jk)−1(j − 1, j)σ−1j−1
≡ {{(j − 1, l)ε, (jl)−1(j − 1, l)−1}, {{(jl), (j − 1, l)−1}, (kl)−1{(jl)−1, (j − 1, l)−1}}}
{(jk)−1, (j − 1, k)−1}σ−1j−1
≡ {(j − 1, l)ε, (kl)(j − 1, l)(jl)(j − 1, l)−1(kl)−1(j − 1, l)(jl)−1(j − 1, l)−1}
(j − 1, k)(jk)−1(j − 1, k)−1σ−1j−1.
2) i < j − 1.
σ−1i {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (kl){(i+ 1, l), (i, i+ 1)}(kl)−1{(i+ 1, l)−1, (i, i+ 1)}}
{(i+ 1, k)−1, (i, i+ 1)}σ−1i
≡ (i, i+ 1)−1(i+ 1, l)(i, i+ 1)(kl)(i, i+ 1)−1(i+ 1, l)−1(i, i+ 1)(kl)−1(jl)ε(kl)
(i, i+ 1)−1(i+ 1, l)(i, i+ 1)(kl)−1(i, i+ 1)−1(i+ 1, l)−1(i+ 1, k)−1(i, i+ 1)σ−1i
≡ {(jl)ε, (kl)(il)(i+ 1, l)(il)−1(kl)−1(il)(i+ 1, l)−1(il)−1}
(ik)(i+ 1, k)−1(ik)−1σ−1i and
{(i+ 1, k)−1, (i, i+ 1)}σ−1i (jl)
ε
≡ (i, i+ 1)−1(i+ 1, k)−1(i, i+ 1)(jl)εσ−1i
≡ (i, i+ 1)−1(i+ 1, k)−1(jl)ε(i, i+ 1)σ−1i
≡ (i, i+ 1)−1(i+ 1, l)(kl)(i+ 1, l)−1(kl)−1(jl)ε(kl)(i+ 1, l)(kl)−1
(i+ 1, l)−1(i+ 1, k)−1(i, i+ 1)σ−1i
≡ {(jl)ε, (kl)(il)(i+ 1, l)(il)−1(kl)−1(il)(i+ 1, l)−1(il)−1}
(ik)(i+ 1, k)−1(ik)−1σ−1i .
(4) ∧ (12)
Let f = σ−1i (ik)−{(i+1, k), (i, i+1)}σ
−1
i , g = (ik)(jl)
ε−{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i <
j < k < l. Then w = σ−1i (ik)(jl)
ε and
(f, g)w = σ
−1
i {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− {(i+ 1, k), (i, i+ 1)}σ−1i (jl)
ε.
There are two cases to consider.
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1) i = j − 1.
σ−1j−1{(jl)
ε, (j − 1, l)−1(kl)−1(j − 1, l)(kl)}(j − 1, k)
≡ {(j − 1, l)ε, {(jl)−1, (j − 1, j)}(kl)−1{(jl), (j − 1, j)}(kl)}{(jk), (j − 1, j)}σ−1j−1
≡ (kl)−1(j − 1, j)−1(jl)−1(j − 1, j)(kl)(j − 1, j)−1(jl)(j − 1, j)(j − 1, l)ε(j − 1, j)−1
(jl)−1(j − 1, j)(kl)−1(j − 1, j)−1(jl)(j − 1, j)(kl)(j − 1, j)−1(jk)(j − 1, j)σ−1j−1
≡ {(j − 1, l)ε, (jl)−1(j − 1, l)−1(kl)−1(j − 1, l)(jl)(j − 1, l)−1(kl)}
(j − 1, k)(jk)(j − 1, k)−1σ−1j−1 and
{(jk), (j − 1, j)}σ−1j−1(jl)
ε
≡ (j − 1, j)−1(jk)(j − 1, j)(j − 1, l)εσ−1j−1
≡ (j − 1, j)−1(jk){(j − 1, l)ε, (jl)}(j − 1, j)σ−1j−1
≡ (j − 1, j)−1{(j − 1, l)ε, {(jl), (kl)}}(jk)(j − 1, j)σ−1j−1
≡ {{(j − 1, l)ε, (jl)−1(j − 1, l)−1}, {{(jl), (j − 1, l)−1}, (kl)}}{(jk), (j − 1, k)−1}σ−1j−1
≡ {(j − 1, l)ε, (jl)−1(j − 1, l)−1(kl)−1(j − 1, l)(jl)(j − 1, l)−1(kl)}
(j − 1, k)(jk)(j − 1, k)−1σ−1j−1.
2) i < j − 1.
σ−1i {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, {(i+ 1, l)−1, (i, i+ 1)}(kl)−1{(i+ 1, l)(i, i+ 1)}
(kl)}{(i+ 1, k)(i.i+ 1)}σ−1i
≡ (kl)−1(i, i+ 1)−1(i+ 1, l)−1(i, i+ 1)(kl)(i, i+ 1)−1(i+ 1, l)(i, i+ 1)(jl)ε
(i, i+ 1)−1(i+ 1, l)−1(i, i+ 1)(kl)−1(i, i+ 1)−1(i+ 1, l)(i, i+ 1)(kl)
(i, i+ 1)−1(i+ 1, k)(i, i+ 1)σ−1i
≡ {(jl)ε, (il)(i+ 1, l)−1(il)−1(kl)−1(il)(i+ 1, l)(il)−1(kl)}(ik)(i+ 1, k)
(ik)−1σ−1i and
{(i+ 1, k), (i, i+ 1)}σ−1i (jl)
ε
≡ (i, i+ 1)−1(i+ 1, k)(i, i+ 1)(jl)εσ−1i
≡ (i, i+ 1)−1(i+ 1, k)(jl)ε(i, i+ 1)σ−1i
≡ (i, i+ 1)−1(kl)−1(i+ 1, l)−1(kl)(i+ 1, l)(jl)ε(i+ 1, l)−1(kl)−1
(i+ 1, l)(kl)(i+ 1, k)(i, i+ 1)σ−1i
≡ {(jl)ε, (il)(i+ 1, l)−1(il)−1(kl)−1(il)(i+ 1, l)(il)−1(kl)}(ik)(i+ 1, k)
(ik)−1σ−1i .
(4) ∧ (13)
Let f = σ−1i (ik)
δ − {(i+ 1, k)δ, (i, i+ 1)}σ−1i , g = (ik)
δ(jl)ε − (jl)ε(ik)δ, j < i < i+ 1 <
k < l, or, i < i+ 1 < k < l. Then w = σ−1i (ik)
δ(jl)ε and
(f, g)w = σ
−1
i (jl)
ε(ik)δ − {(i+ 1, k)δ, (i, i+ 1)}σ−1i (jl)
ε
≡ (jl)ε{(i+ 1, k)δ, (i, i+ 1)}σ−1i − (jl)
ε{(i+ 1, k)δ, (i, i+ 1)}σ−1i
≡ 0.
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(5) ∧ (7)
Let f = σ−1k−1(jk)
−1− (j, k−1)−1σ−1k−1, g = (jk)
−1(kl)ε−{(kl)ε, (jl)−1}(jk)−1, j < k−1 <
k < l. Then w = σ−1k−1(jk)
−1(kl)ε and
(f, g)w = σ
−1
k−1{(kl)
ε, (jl)−1}(jk)−1 − (j, k − 1)−1σ−1k−1(kl)
ε
≡ {(k − 1, l)ε, (jl)−1}(j, k − 1)−1σ−1k−1 − (j, k − 1)
−1(k − 1, l)εσ−1k−1
≡ 0.
(5) ∧ (8)
Let f = σ−1k−1(jk)− (j, k− 1)σ
−1
k−1, g = (jk)(kl)
ε−{(kl)ε, (jl)(kl)}(jk), j < k− 1 < k < l.
Then w = σ−1k−1(jk)(kl)
ε and
(f, g)w = σ
−1
k−1{(kl)
ε, (jl)(kl)}(jk)− (j, k − 1)σ−1k−1(kl)
ε
≡ {(k − 1, l)ε, (jl)(k − 1, l)}(j, k − 1)σ−1k−1 − (j, k − 1)(k − 1, l)
εσ−1k−1
≡ 0.
(5) ∧ (9)
Let f = σ−1k−1(jk)
−1 − (j, k − 1)−1σ−1k−1, g = (jk)
−1(jl)ε − {(jl)ε, (kl)−1(jl)−1}(jk)−1, j <
k − 1 < k < l. Then w = σ−1k−1(jk)
−1(jl)ε and
(f, g)w = σ
−1
k−1{(jl)
ε, (kl)−1(jl)−1}(jk)−1 − (j, k − 1)−1σ−1k−1(jl)
ε
≡ {(jl)ε, (k − 1, l)−1(jl)−1}(j, k − 1)−1σ−1k−1 − (j, k − 1)
−1(jl)εσ−1k−1
≡ 0.
(5) ∧ (10)
Let f = σ−1k−1(jk) − (j, k − 1)σ
−1
k−1, g = (jk)(jl)
ε − {(jl)ε, (kl)}(jk), j < k − 1 < k < l.
Then w = σ−1k−1(jk)(jl)
ε and
(f, g)w = σ
−1
k−1{(jl)
ε, (kl)}(jk)− (j, k − 1)σ−1k−1(jl)
ε
≡ {(jl)ε, (k − 1, l)}(j, k − 1)σ−1k−1 − (j, k − 1)(jl)
εσ−1k−1
≡ 0.
(5) ∧ (11)
Let f = σ−1k−1(ik)
−1−(i, k−1)−1σ−1k−1, g = (ik)
−1(jl)ε−{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, i <
j < k < l. Then w = σ−1k−1(ik)
−1(jl)ε and
(f, g)w = σ
−1
k−1{(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − (i, k − 1)−1σ−1k−1(jl)
ε.
There are two cases to consider.
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1) j = k − 1.
σ−1k−1{(k − 1, l)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {{(kl)ε, (k − 1, k)}, (k − 1, l)(il)(k − 1, l)−1(il)−1}(i, k − 1)−1σ−1k−1
≡ (il)(k − 1, l)(il)−1(k − 1, l)−1(k − 1, k)−1(kl)ε(k − 1, k)(k − 1, l)(il)
(k − 1, l)−1(il)−1(i, k − 1)−1σ−1k−1
≡ (il)(k − 1, l)(il)−1(kl)ε(il)(k − 1, l)−1(il)−1(i, k − 1)−1σ−1k−1 and
(i, k − 1)−1σ−1k−1(k − 1, l)
ε
≡ (i, k − 1)−1{(kl)ε, (k − 1, k)}σ−1k−1
≡ {(kl)ε, {(k − 1, k), (ik)−1}(i, k − 1)−1σ−1k−1
≡ (ik)(k − 1, k)−1(ik)−1(kl)ε(ik)(k − 1, k)(ik)−1(i, k − 1)−1σ−1k−1
≡ (ik)(k − 1, k)−1{(kl)ε, (il)−1}(k − 1, k)(ik)−1(i, k − 1)−1σ−1k−1
≡ (ik){{(kl)ε, (k − 1, l)−1}, (il)−1}(ik)−1(i, k − 1)−1σ−1k−1
≡ {{{(kl)ε, (il)(kl)}, {(k − 1, l)−1, (il)−1(kl)−1(il)(kl)}}, {(il)−1, (kl)}}
(i, k − 1)−1σ−1k−1
≡ (il)(k − 1, l)(il)−1(kl)ε(il)(k − 1, l)−1(il)−1(i, k − 1)−1σ−1k−1.
2) j < k − 1.
(f, g)w = σ
−1
k−1{(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − (i, k − 1)−1σ−1k−1(jl)
ε
≡ {(jl)ε, (k − 1, l)(il)(k − 1, l)−1(il)−1}(i, k − 1)−1σ−1k−1 − (i, k − 1)
−1
(jl)εσ−1k−1
≡ 0.
(5) ∧ (12)
Let f = σ−1k−1(ik)− (i, k − 1)σ
−1
k−1, g = (ik)(jl)
ε − {(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i < j <
k < l. Then w = σ−1k−1(ik)(jl)
ε and
(f, g)w = σ
−1
k−1{(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− (i, k − 1)σ−1k−1(jl)
ε.
There are two cases to consider.
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1) j = k − 1.
σ−1k−1{(k − 1, l)
ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {{(kl)ε, (k − 1, k)}(il)−1(k − 1, l)−1(il)(k − 1, l)}(i, k − 1)σ−1k−1
≡ {(kl)ε, (k − 1, l)−1(il)−1(k − 1, l)−1(il)(k − 1, l)}(i, k − 1)σ−1k−1 and
(i, k − 1)σ−1k−1(k − 1, l)
ε
≡ (i, k − 1){(kl)ε, (k − 1, k)}σ−1k−1
≡ {(kl)ε, {(k − 1, k)(ik)(k − 1, k)}}(i, k − 1)σ−1k−1
≡ (k − 1, k)−1(ik)−1(k − 1, k)−1(ik)(k − 1, k)(kl)ε(k − 1, k)−1(ik)−1(k − 1, k)(ik)
(k − 1, k)(i, k − 1)σ−1k−1
≡ (k − 1, k)−1(ik)−1(k − 1, k)−1(ik){(kl)ε, (k − 1, l)(kl)}(ik)−1(k − 1, k)(ik)(k − 1, k)
(i, k − 1)σ−1k−1
≡ (k − 1, k)−1(ik)−1(k − 1, k)−1{{(kl)ε, (il)(kl)}, {(k − 1, l), (il)−1(kl)−1(il)(kl)}
{(kl), (il)(kl)}}(k − 1, k)(ik)(k − 1, k)(i, k − 1)σ−1k−1
≡ (k − 1, k)−1(ik)−1{{(kl)ε, (k − 1, l)−1}, (il){(k − 1, l), (kl)−1(k − 1, l)−1}
{(kl), (k − 1, l)−1}}(ik)(k − 1, k)(i, k − 1)σ−1k−1
≡ (k − 1, k)−1{{{(kl)ε, (il)−1}, {(k − 1, l)−1, (kl)(il)(kl)−1(il)−1}}, {(il), (kl)−1
(il)−1}{(k − 1, l)(kl)(il)(kl)−1(il)−1}{(kl)(il)−1}}(k − 1, k)(i, k − 1)σ−1k−1
≡ {{(kl)ε, (k − 1, l)−1}, {{(k − 1, l)−1, (kl)−1(k − 1, l)−1}, {(kl), (k − 1, l)−1}(il)}
{{(k − 1, l), (kl)−1(k − 1, l)−1}, {(kl), (k − 1, l)−1}}(i, k − 1)σ−1k−1
≡ {(kl)ε, (k − 1, l)−1(il)−1(k − 1, l)−1(il)(k − 1, l)}(i, k − 1)σ−1k−1.
2) j < k − 1.
(f, g)w = {(jl)
ε, (il)−1(k−1, l)−1(il)(k−1, l)}(i, k−1)σ−1k−1− (i, k−1)(jl)
εσ−1k−1 ≡ 0.
(5) ∧ (13)
Let f = σ−1k−1(ik)
δ − (i, k − 1)δσ−1k−1, g = (ik)
δ(jl)ε − (jl)ε(ik)δ, j < i < k − 1 < k <
l or i < k − 1 < k < j < l. Then w = σ−1k−1(ik)
δ(jl)ε and
(f, g)w = σ
−1
k−1(jl)
ε(ik)δ − (i, k − 1)δσ−1k−1(jl)
ε
≡ (jl)ε(i, k − 1)δσ−1k−1 − (i, k − 1)
δ(jl)εσ−1k−1
≡ (jl)ε(i, k − 1)δσ−1k−1 − (jl)
ε(i, k − 1)δσ−1k−1
≡ 0.
(6) ∧ (7)
Let f = σ−1k (jk)
−1−{(j, k+1)−1, (k, k+1)}σ−1k , g = (jk)
−1(kl)ε−{(kl)ε, (jl)−1}(jk)−1, j <
k < l. Then w = σ−1k (jk)
−1(kl)ε and
(f, g)w = σ
−1
k {(kl)
ε, (jl)−1}(jk)−1 − {(j, k + 1)−1, (k, k + 1)}σ−1k (kl)
ε.
There are two cases to consider.
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1) k = l − 1.
σ−1k {(k, k + 1)
ε, (j, k + 1)−1}(jk)−1
≡ {(k, k + 1)ε, (jk)−1}{(j, k + 1)−1, (k, k + 1)}σ−1k
≡ (jk)(k, k + 1)ε(jk)−1(k, k + 1)−1, (j, k + 1)−1(k, k + 1)σ−1k
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)ε(k, k + 1)σ−1k and
{(j, k + 1)−1, (k, k + 1)}σ−1k (kl)
ε
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)(k, k + 1)εσ−1k
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)ε(k, k + 1)σ−1k .
2) k < l − 1, then j < k < k + 1 < l.
σ−1k {(kl)
ε, (jl)−1}(jk)−1
≡ {{(k + 1, l)ε, (k, k + 1)}, (jl)−1}{(j, k + 1)−1, (k, k + 1)}σ−1k
≡ (jl)(k, k + 1)−1(k + 1, l)ε(k, k + 1)(jl)−1(k, k + 1)−1(j, k + 1)−1(k, k + 1)}σ−1k
≡ (jl)(kl)(k + 1, l)ε(kl)−1(jl)−1(k, k + 1)−1(j, k + 1)−1(k, k + 1)}σ−1k and
{(j, k + 1)−1, (k, k + 1)}σ−1k (kl)
ε
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)(k, k + 1)−1(k + 1, l)ε(k, k + 1)σ−1k
≡ (k, k + 1)−1{(k + 1, l)ε, (jl)−1}(j, k + 1)−1(k, k + 1)}σ−1k
≡ {{(k + 1, l)ε, (kl)−1}, (jl)−1}(k, k + 1)−1(j, k + 1)−1(k, k + 1)σ−1k
≡ (jl)(kl)(k + 1, l)ε(kl)−1(jl)−1(k, k + 1)−1(j, k + 1)−1(k, k + 1)σ−1k .
(6) ∧ (8)
Let f = σ−1k (jk)−{(j, k+1), (k, k+1)}σ
−1
k , g = (jk)(kl)
ε−{(kl)ε, (jl)(kl)}(jk), j < k < l.
Then w = σ−1k (jk)(kl)
ε and
(f, g)w = σ
−1
k {(kl)
ε, (jl)(kl)}(jk)− {(j, k + 1), (k, k + 1)}σ−1k (kl)
ε.
There are two cases to consider.
1) l = k + 1.
(f, g)w = σ
−1
k {(k, k + 1)
ε, (j, k + 1)(k, k + 1)}(jk)− {(j, k + 1), (k, k + 1)}σ−1k
(k, k + 1)ε
≡ {(k, k + 1)ε, (jk)(k, k + 1)}{(j, k + 1)(k, k + 1)}σ−1k
−(k, k + 1)−1(j, k + 1), (k, k + 1)(k, k + 1)εσ−1k
≡ (k, k + 1)−1(jk)−1(k, k + 1)ε(jk)(j, k + 1)(k, k + 1)σ−1k − (k, k + 1)
−1
(j, k + 1), (k, k + 1)ε+1σ−1k
≡ (k, k + 1)−1(j, k + 1)(k, k + 1)ε+1σ−1k − (k, k + 1)
−1(j, k + 1)
(k, k + 1)ε+1σ−1k
≡ 0.
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2) l < k + 1, j < k < k + 1 < l.
(f, g)w = {{(k + 1, l)
ε, (k, k + 1)}, (jl){(k + 1, l), (k, k + 1)}}{(j, k + 1),
(k, k + 1)}σ−1k − (k, k + 1)
−1(j, k + 1)(k + 1, l)ε(k, k + 1)σ−1k
≡ (k, k + 1)−1(k + 1, l)−1(k, k + 1)(jl)−1(jl)(k, k + 1)−1(k + 1, l)
(j, k + 1)(k, k + 1)σ−1k − (k, k + 1)
−1{(k + 1, l)ε, (jl)
(k + 1, l)}(j, k + 1)(k, k + 1)σ−1k
≡ {{(k + 1, l)ε, (kl)−1}, (jl){(k + 1, l)(kl)−1}}(k, k + 1)−1(j, k + 1)
(k, k + 1)σ−1k − {{(k + 1, l)
ε, (kl)−1}, (jl){(k + 1, l)(kl)−1}}
(k, k + 1)−1(j, k + 1)(k, k + 1)σ−1k
≡ 0.
(6) ∧ (9)
Let f = σ−1k (jk)
−1−{(j, k+1)−1, (k, k+1)}σ−1k , g = (jk)
−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, j <
k < l. Then w = σ−1k (jk)
−1(jl)ε and
(f, g)w = σ
−1
k {(jl)
ε, (kl)−1(jl)−1}(jk)−1 − {(j, k − 1)−1, (k, k + 1)}σ−1k (jl)
ε.
There are two cases to consider.
1) k = l − 1.
σ−1k {(j, k + 1)
ε, (k, k + 1)−1(j, k + 1)−1}(jk)−1
≡ {(jk)ε, (k, k + 1)−1(jk)−1}{(j, k + 1)−1(k, k + 1)}σ−1k
≡ (jk)(k, k + 1)(jk)ε(k, k + 1)−1(jk)−1(k, k + 1)−1(j, k + 1)−1(k, k + 1)σ−1k .
If ε = 1 , then
σ−1k {(j, k + 1)
ε, (k, k + 1)−1(j, k + 1)−1}(jk)−1
≡ (jk)(j, k + 1)−1σ−1k ≡ (k, k + 1)
−1(j, k + 1)−1(k, k + 1)(jk)σ−1k .
If ε = −1, then
σ−1k {(j, k + 1)
ε, (k, k + 1)−1(j, k + 1)−1}(jk)−1
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)(j, k + 1)(jk)−1(k, k + 1)−1(j, k + 1)−1(k, k + 1)σ−1k
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)(j, k + 1)(j, k + 1)(k, k + 1)−1(j, k + 1)−1(jk)−1
(j, k + 1)−1(k, k + 1)σ−1k
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)(jk)−1σ−1k .
Hence,
σ−1k {(j, k + 1)
ε, (k, k + 1)−1(j, k + 1)−1}(jk)−1
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)(jk)εσ−1k and
{(j, k + 1)−1, (k, k + 1)}σ−1k (j, k + 1)
ε
≡ (k, k + 1)−1(j, k + 1)−1(k, k + 1)(jk)εσ−1k .
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2) k < l − 1, j < k < k + 1 < l.
(f, g)w = {(jl)
ε, {(k + 1, l)−1, (k, k + 1)}(jl)−1}{(j, k + 1)−1, (k, k + 1)}σ−1k
−(k, k + 1)−1(j, k + 1)−1(k, k + 1)(jl)εσ−1k
≡ (jl)(k, k + 1)−1(k + 1, l)(k, k + 1)(jl)ε(k, k + 1)−1(k + 1, l)−1
(k, k + 1)(jl)−1(k, k + 1)−1(j, k + 1)−1(k, k + 1)σ−1k − (k, k + 1)
−1
(j, k + 1)−1(jl)ε(k, k + 1)σ−1k
≡ (jl)(kl)(k + 1, l)(kl)−1(jl)ε(kl)(k + 1, l)−1(kl)−1(jl)−1(j, k + 1)−1σ−1k
−(k, k + 1)−1{(jl)ε, (k + 1, l)−1(jl)−1}(j, k + 1)−1(k, k + 1)σ−1k
≡ (jl)(kl)(k + 1, l)(kl)−1(jl)ε(kl)(k + 1, l)−1(kl)−1(jl)−1(j, k + 1)−1σ−1k
−{(jl)ε, {(k + 1, l)−1, (kl)−1}(jl)−1}(k, k + 1)−1(j, k + 1)−1(k, k + 1)σ−1k
≡ 0.
(6) ∧ (10)
Let f = σ−1k (jk)− {(j, k + 1), (k, k + 1)}σ
−1
k , g = (jk)(jl)
ε − {(jl)ε, (kl)}(jk), j < k < l.
Then w = σ−1k (jk)(jl)
ε and
(f, g)w = σ
−1
k {(jl)
ε, (kl)}(jk)− {(j, k + 1), (k, k + 1)}σ−1k (jl)
ε.
There are two cases to consider.
1) l = k + 1.
σ−1k {(j, k + 1)
ε, (k, k + 1)}(jk)
≡ {(jk)ε, (k, k + 1)}{(j, k + 1), (k, k + 1)}σ−1k
≡ (k, k + 1)−1(jk)ε(j, k + 1)(k, k + 1)σ−1k .
If ε = 1, then
σ−1k {(j, k + 1)
ε, (k, k + 1)}(jk)
≡ (k, k + 1)−1(k, k + 1)−1(j, k + 1)(k, k + 1)(jk)(k, k + 1)σ−1k
≡ (k, k + 1)−1(j, k + 1)(k, k + 1)(jk)σ−1k .
If ε = −1, then
σ−1k {(j, k + 1)
ε, (k, k + 1)}(jk)
≡ (k, k + 1)−1(j, k + 1)(k, k + 1)(j, k + 1)(k, k + 1)−1(j, k + 1)−1(jk)−1(k, k + 1)σ−1k
≡ (k, k + 1)−1(j, k + 1)(k, k + 1)(jk)−1σ−1k .
Hence,
σ−1k {(j, k + 1)
ε, (k, k + 1)}(jk) ≡ (k, k + 1)−1(j, k + 1)(k, k + 1)(jk)εσ−1k .
Also,
{(j, k + 1), (k, k + 1)}σ−1k (j, k + 1)
ε ≡ (k, k + 1)−1(j, k + 1)(k, k + 1)(jk)εσ−1k .
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2) l < k + 1.
(f, g)w ≡ {(jl)
ε, {(k + 1, l), (k, k + 1)}}{(j, k + 1), (k, k + 1)}
−(k, k + 1)−1(j, k + 1)(k, k + 1)(jl)εσ−1k
≡ (k, k + 1)−1(k + 1, l)−1(k, k + 1)(jl)ε(k, k + 1)−1(k + 1, l)(j, k + 1)(k, k + 1)
−(k, k + 1)−1(j, k + 1)(jl)ε(k, k + 1)σ−1k
≡ (kl)(k + 1, l)−1(kl)−1(jl)ε(kl)(k + 1, l)(kl)−1(k, k + 1)−1(j, k + 1)(k, k + 1)
−(k, k + 1)−1{(jl)ε, (k + 1, l)}(j, k + 1)(k, k + 1)σ−1k
≡ (kl)(k + 1, l)−1(kl)−1(jl)ε(kl)(k + 1, l)(kl)−1(k, k + 1)−1(j, k + 1)(k, k + 1)
−{(jl)ε, {(k + 1, l), (kl)−1}}(k, k + 1)−1(j, k + 1)(k, k + 1)σ−1k
≡ 0.
(6) ∧ (11)
Let f = σ−1k (ik)
−1−{(i, k+1)−1, (k, k+1)}σ−1k , g = (ik)
−1(jl)ε−{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, i <
j < k < l. Then w = σ−1k (ik)
−1(jl)ε and
(f, g)w = σ
−1
k {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − {(i, k + 1)−1, (k, k + 1)}σ−1k (jl)
ε.
There are two cases to consider.
1) k = l − 1.
σ−1k {(j, k + 1)
ε, (k, k + 1)(i, k + 1)(k, k + 1)−1(i, k + 1)−1}(ik)−1
≡ {(jk)ε, (k, k + 1)(ik)(k, k + 1)−1(ik)−1}{(i, k + 1)−1, (k, k + 1)}σ−1k
≡ (ik)(k, k + 1)(ik)−1(k, k + 1)−1(jk)ε(k, k + 1)(ik)(k, k + 1)−1(ik)−1(k, k + 1)−1
(i, k + 1)−1(k, k + 1)σ−1k
≡ (k, k + 1)−1(i, k + 1)−1(k, k + 1)(i, k + 1)(jk)ε(k, k + 1)(k, k + 1)−1(i, k + 1)−1
(k, k + 1)−1(i, k + 1)(k, k + 1)(k, k + 1)−1(i, k + 1)−1(k, k + 1)σ−1k
≡ (k, k + 1)−1(i, k + 1)−1(k, k + 1)(jk)εσ−1k and
{(i, k + 1)−1, (k, k + 1)}σ−1k (j, k + 1)
ε
≡ (k, k + 1)−1(i, k + 1)−1(k, k + 1)(jk)εσ−1k .
2) k < l + 1, i < j < k < k + 1 < l.
(f, g)w ≡ {(jl)
ε, {(k + 1, l), (k, k + 1)}(il){(k + 1, l)−1, (k, k + 1)}(il)−1}
{(i, k + 1)−1, (k, k + 1)}σ−1k − (k, k + 1)
−1(i, k + 1)−1(k, k + 1)(jl)εσ−1k
≡ {(jl)ε, {(k + 1, l), (kl)−1}(il){(k + 1, l)−1, (kl)−1}(il)−1}(k, k + 1)−1
(i, k + 1)−1(k, k + 1)σ−1k
−{(jl)ε, {(k + 1, l), (kl)−1}(il){(k + 1, l)−1, (kl)−1}(il)−1}(k, k + 1)−1
(i, k + 1)−1(k, k + 1)σ−1k
≡ 0.
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(6) ∧ (12)
Let f = σ−1k (ik)−{(i, k+1), (k, k+1)}σ
−1
k , g = (ik)(jl)
ε−{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i <
j < k < l. Then w = σ−1k (ik)(jl)
ε and
(f, g)w = σ
−1
k {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− {(i, k + 1), (k, k + 1)}σ−1k (jl)
ε.
There are two cases to consider.
1) k = l − 1, i < j < k < l = k + 1.
σ−1k {(j, k + 1)
ε, (i, k + 1)−1(k, k + 1)−1(i, k + 1)(k, k + 1)}(ik)
≡ {(jk)ε, (ik)−1(k, k + 1)−1(ik)(k, k + 1)}{(i, k + 1), (k, k + 1)}σ−1k
≡ (k, k + 1)−1(ik)−1(k, k + 1)(ik)(jk)ε(ik)−1(k, k + 1)−1(ik)(i, k + 1)(k, k + 1)σ−1k
≡ (k, k + 1)−1(i, k + 1)(k, k + 1)(i, k + 1)−1(jk)ε(i, k + 1)σ−1k
≡ (k, k + 1)−1(i, k + 1)(k, k + 1)(jk)εσ−1k and
{(i, k + 1), (k, k + 1)}σ−1k (j, k + 1)
ε
≡ (k, k + 1)−1(i, k + 1)(k, k + 1)(jk)εσ−1k .
2) k < l − 1, i < j < k < k + 1 < l.
σ−1k {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, (il)−1{(k + 1, l)−1, (k, k + 1)}(il){(k + 1, l), (k, k + 1)}}
{(i, k + 1).(k, k + 1)}σ−1k and
{(i, k + 1), (k, k + 1)}σ−1k (jl)
ε
≡ (k, k + 1)−1(i, k + 1)(k, k + 1)(jl)εσ−1k
≡ (k, k + 1)−1{(jl)ε, (il)−1(k + 1, l)−1(il)(k + 1, l)}(i, k + 1)(k, k + 1)σ−1k
≡ {(jl)ε, (il)−1{(k + 1, l)−1, (k, k + 1)}(il){(k + 1, l), (k, k + 1)}}
{(i, k + 1).(k, k + 1)}σ−1k .
(6) ∧ (13)
Let f = σ−1k (ik)
δ − {(i, k + 1)δ, (k, k + 1)}σ−1k , g = (ik)
δ(jl)ε − (jl)ε(ik)δ, j < i < k < l.
Then w = σ−1k (ik)
δ(jl)ε and
(f, g)w = σ
−1
k (jl)
ε(ik)δ − {(i, k + 1)δ, (k, k + 1)}σ−1k (jl)
ε.
There are two cases to consider.
1) k = l − 1 , j < i < k < l = k + 1.
σ−1k (j, k + 1)
ε(ik)δ ≡ (jk)ε{(i, k + 1)δ, (k, k + 1)}σ−1k .
If ε = 1, then
σ−1k (j, k + 1)
ε(ik)δ
≡ {{(i, k + 1)δ, (j, k + 1)−1(k, k + 1)−1(j, k + 1)(k, k + 1)},
{(k, k + 1), (j, k + 1)(k, k + 1)}}(jk)εσ−1k
≡ (k, k + 1)−1(i, k + 1)δ(k, k + 1)(jk)εσ−1k .
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If ε = −1, then
σ−1k (j, k + 1)
ε(ik)δ
≡ {{(i, k + 1)δ, (k, k + 1)(j, k + 1)(k, k + 1)−1(j, k + 1)−1}, {(k, k + 1), (j, k + 1)−1}}
(jk)εσ−1k
≡ (k, k + 1)−1(i, k + 1)δ(k, k + 1)(jk)εσ−1k .
On the other hand,
{(i, k + 1)δ, (k, k + 1)}σ−1k (j, k + 1)
ε ≡ (k, k + 1)−1(i, k + 1)δ(k, k + 1)(jk)εσ−1k .
2) k < l − 1, j < i < k < k + 1 < l.
(f, g)w ≡ (jl)
ε{(i, k + 1)δ, (k, k + 1)}σ−1k −
(k, k + 1)−1(i, k + 1)δ(k, k + 1)(jl)εσ−1k
≡ (jl)ε(k, k + 1)−1(i, k + 1)δ(k, k + 1)σ−1k −
(jl)ε(k, k + 1)−1(i, k + 1)δ(k, k + 1)σ−1k
≡ 0.
(6) ∧ (13)
Let f = σ−1k (ik)
δ − {(i, k + 1)δ, (k, k + 1)}σ−1k , g = (ik)
δ(jl)ε − (jl)ε(ik)δ, i < k < j < l.
Then w = σ−1k (ik)
δ(jl)ε and
(f, g)w = σ
−1
k (jl)
ε(ik)δ − {(i, k + 1)δ, (k, k + 1)}σ−1k (jl)
ε.
There are two cases to consider.
1) k = j − 1, i < k < k + 1 = j < l.
σ−1k (k + 1, l)
ε(ik)δ
≡ (kl)ε{(i, k + 1)δ, (k, k + 1)}σ−1k
≡ (kl)ε(k, k + 1)−1(i, k + 1)δ(k, k + 1)σ−1k and
{(i, k + 1)δ, (k, k + 1)}σ−1k (k + 1, l)
ε
≡ (k, k + 1)−1(i, k + 1)δ(k, k + 1)(kl)εσ−1k
≡ (k, k + 1)−1(i, k + 1)δ{(kl)ε, (k + 1, l)}(k, k + 1)σ−1k .
If ε = 1, then
{(i, k + 1)δ, (k, k + 1)}σ−1k (k + 1, l)
ε
≡ (k, k + 1)−1{{(kl)ε, (il)−1(k + 1, l)−1(il)(k + 1, l)}, {(k + 1, l), (il)(k + 1, l)}}
(i, k + 1)δ(k, k + 1)σ−1k
≡ (k, k + 1)−1{(kl)ε, (k + 1, l)}(i, k + 1)δ(k, k + 1)σ−1k
≡ {{(kl)ε, (k + 1, l)−1(kl)−1}, {(k + 1, l), (kl)−1}}(k, k + 1)−1(i, k + 1)δ(k, k + 1)σ−1k
≡ (kl)ε(k, k + 1)−1(i, k + 1)δ(k, k + 1)σ−1k .
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If ε = −1, then
{(i, k + 1)δ, (k, k + 1)}σ−1k (k + 1, l)
ε
≡ (k, k + 1)−1{{(kl)ε, (k + 1, l)(il)(k + 1, l)−1(il)−1}, {(k + 1, l), (il)−1}}
(i, k + 1)δ(k, k + 1)σ−1k
≡ (k, k + 1)−1{(kl)ε, (k + 1, l)}(i, k + 1)δ(k, k + 1)σ−1k
≡ (kl)ε(k, k + 1)−1(i, k + 1)δ(k, k + 1)σ−1k .
2) k < j − 1, i < k < k + 1 < j < l.
(f, g)w ≡ (jl)
ε{(i, k + 1)δ, (k, k + 1)}σ−1k − (jl)
ε{(i, k + 1)δ, (k, k + 1)}σ−1k ≡ 0.
(7) ∧ (7)
Let f = (ij)−1(jk)−1−{(jk)−1, (ik)−1}(ij)−1, g = (jk)−1(kl)ε−{(kl)ε, (jl)−1}(jk)−1, i <
j < k < l. Then w = (ij)−1(jk)−1(kl)ε and
(f, g)w = (ij)
−1{(kl)ε, (jl)−1}(jk)−1 − {(jk)−1, (ik)−1}(ij)−1(kl)ε ≡ 0
since
(ij)−1{(kl)ε, (jl)−1}(jk)−1
≡ {(kl)ε, {(jl)−1, (il)−1}}{(jk)−1, (ik)−1}(ij)−1 and
{(jk)−1, (ik)−1}(ij)−1(kl)ε
≡ (ik)(jk)−1(ik)−1(ij)−1(kl)ε
≡ (ik)(jk)−1{(kl)ε, (il)−1}(ik)−1(ij)−1
≡ (ik){{(kl)ε, (jl)−1}, (il)−1}(jk)−1(ik)−1(ij)−1
≡ {{{(kl)ε, (il)(kl)}, {(jl)−1, (il)−1(kl)−1(il)(kl)}}, {(il)−1(kl)}}
(ik)(jk)−1(ik)−1(ij)−1
≡ {(kl)ε, {(jl)−1, (il)−1}{(jk)−1, (ik)−1}(ij)−1.
(7) ∧ (8)
Let f = (ij)−1(jk) − {(jk), (ik)−1}(ij)−1, g = (jk)(kl)ε − {(kl)ε, (jl)(kl)}(jk), i < j <
k < l. Then w = (ij)−1(jk)(kl)ε and
(f, g)w = (ij)
−1{(kl)ε, (jl)(kl)}(jk)− {(jk), (ik)−1}(ij)−1(kl)ε ≡ 0
since
(ij)−1{(kl)ε, (jl)(kl)}(jk)
≡ {(kl)ε, {(jl), (il)−1}(kl)}{(jk), (ik)−1}(ij)−1 and
{(jk), (ik)−1}(ij)−1(kl)ε
≡ (ik)(jk){(kl)ε, (il)−1}(ik)−1(ij)−1
≡ (ik){{(kl)ε, (jl)(kl)}, (il)−1}(jk)(ik)−1(ij)−1
≡ {{{(kl)ε, (il)(kl)}, {(jl), (il)−1(kl)−1(il)(kl)}
{(kl), (il)(kl)}}, {(il)−1, (kl)−1(il)−1}}(ik)(jk)(ik)−1(ij)−1
≡ {(kl)ε, {(jl), (il)−1}(kl)}{(jk), (ik)−1}(ij)−1.
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(7) ∧ (9)
Let f = (ij)−1(jk)−1−{(jk)−1, (ik)−1}(ij)−1, g = (jk)−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, i <
j < k < l. Then w = (ij)−1(jk)−1(jl)ε and
(f, g)w = (ij)
−1{(jl)ε, (kl)−1(jl)−1}(jk)−1 − {(jk)−1, (ik)−1}(ij)−1(jl)ε ≡ 0
since
(ij)−1{(jl)ε, (kl)−1(jl)−1}(jk)−1
≡ {(jl)ε, (il)−1(kl)−1{(jl)−1, (il)−1}}{(jk)−1, (ik)−1}(ij)−1 and
{(jk)−1, (ik)−1}(ij)−1(jl)ε
≡ (ik)(jk)(ik)−1{(jl)ε, (il)−1}(ij)−1
≡ (ik)(jk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(il)−1, (kl)−1(il)−1}}(ik)−1(ij)−1
≡ (ik)(jk)−1{(jl)ε, (il)−1}(ik)−1(ij)−1
≡ (ik){{(jl)ε, (kl)−1(jl)−1}, (il)−1}(jk)−1(ik)−1(ij)−1
≡ {{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl)−1, (il)(kl)}
{(jl)−1, (il)−1(kl)−1(il)(kl)}}, {(il)−1(kl)}}(ik)(jk)−1(ik)−1(ij)−1
≡ {(jl)ε, (il)−1(kl)−1{(jl)−1, (il)−1}}{(jk)−1, (ik)−1}(ij)−1.
(7) ∧ (10)
Let f = (ij)−1(jk)− {(jk), (ik)−1}(ij)−1, g = (jk)(jl)ε − {(jl)ε, (kl)}(jk), i < j < k < l.
Then w = (ij)−1(jk)(jl)ε and
(f, g)w = (ij)
−1{(jl)ε, (kl)}(jk)− {(jk), (ik)−1}(ij)−1(jl)ε ≡ 0
since
(ij)−1{(jl)ε, (kl)}(jk)
≡ {{(jl)ε, (il)−1}, (kl)}{(jk), (ik)−1}(ij)−1 and
{(jk), (ik)−1}(ij)−1(jl)ε
≡ (ik)(jk){(jl)ε, (il)−1}(ik)−1(ij)−1
≡ (ik){{(jl)ε, (kl)}, (il)−1}(jk)(ik)−1(ij)−1
≡ {{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}, {(il)−1(kl)}}
(ik)(jk)(ik)−1(ij)−1
≡ {{(jl)ε, (il)−1}, (kl)}{(jk), (ik)−1}(ij)−1.
(7) ∧ (11)
Let f = (pi)−1(ik)−1−{(ik)−1, (pk)−1}(pi)−1, g = (ik)−1(jl)ε−{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, p <
i < j < k < l. Then w = (pi)−1(ik)−1(jl)ε and
(f, g)w = (pi)
−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − {(ik)−1, (pk)−1}(pi)−1(jl)ε ≡ 0
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since
(pi)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (kl){(il), (pl)−1}(kl)−1{(il)−1, (pl)−1}}{(ik)−1, (pk)−1}(pi)−1 and
{(ik)−1, (pk)−1}(pi)−1(jl)ε
≡ (pk)(ik)−1(pk)−1(jl)ε(pi)−1
≡ (pk)(ik)−1{(jl)ε, (kl)(pl)(kl)−1(pl)−1}(pk)−1(pi)−1
≡ (pk){{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl)(il)−1}(pl)
{(kl)−1, (il)−1}(pl)−1}(ik)−1(pk)−1(pi)−1
≡ (pk){(jl)ε, (kl){(kl)−1(il)−1(pl)−1}}(ik)−1(pk)−1(pi)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}
{{(kl)−1, (pl)(kl)}, {(il)−1, (pl)−1(kl)−1(pl)(kl)}{(pl)−1, (kl)}}(pk)(ik)−1(pk)−1(pi)−1
≡ {(jl)ε, (kl){(il), (pl)−1}(kl)−1{(il)−1, (pl)−1}}{(ik)−1, (pk)−1}(pi)−1.
(7) ∧ (12)
Let f = (pi)−1(ik)−{(ik), (pk)−1}(pi)−1, g = (ik)(jl)ε−{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), p <
i < j < k < l. Then w = (pi)−1(ik)(jl)ε and
(f, g)w = (pi)
−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)− {(ik), (pk)−1}(pi)−1(jl)ε ≡ 0
since
(pi)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, {(il)−1, (pl)−1}(kl)−1{(il), (pl)−1}(kl)}{(ik), (pk)−1}(pi)−1 and
{(ik), (pk)−1}(pi)−1(jl)ε
≡ (pk)(ik){(jl)ε, (kl)(pl)(kl)−1(pl)−1}(pk)−1(pi)−1
≡ (pk){{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}(pl)
{(kl)−1, (il)(kl)}(pl)−1}(ik)(pk)−1(pi)−1
≡ (pk){(jl)ε, (kl){(kl)−1, (il)(kl)(pl)−1}}(ik)(pk)−1(pi)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)},
{(il), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{(pl)−1, (kl)}}}(pk)(ik)(pk)−1(pi)−1
≡ {(jl)ε, {(il)−1, (pl)−1}(kl)−1{(il), (pl)−1}(kl)}{(ik), (pk)−1}(pi)−1.
(7) ∧ (13)
f = (pi)−1(ik)δ−{(ik)δ, (pk)−1}(pi)−1, g = (ik)δ(jl)ε−(jl)ε(ik)δ. Then w = (pi)−1(ik)δ(jl)ε
and
(f, g)w = (pi)
−1(jl)ε(ik)δ − {(ik)δ, (pk)−1}(pi)−1(jl)ε.
There are two cases to consider.
1) p < i < k, j < i < k < l. In this case, there are three subcases to consider.
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a) p < j, p < j < i < k < l.
(pi)−1(jl)ε(ik)δ
≡ {(jl)ε, (il)(pl)(il)−1(pl)−1}{(ik)δ, (pk)−1}(pi)−1 and
{(ik)δ, (pk)−1}(pi)−1(jl)ε
≡ (pk)(ik)δ(pk)−1{(jl)ε, (il)(pl)(il)−1(pl)−1}(pi)−1
≡ (pk)(ik)δ{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(il), (kl)(pl)(kl)−1(pl)−1}
{(pl), (kl)−1(pl)−1}{(il)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1, (kl)−1
(pl)−1}(pk)−1(pi)−1
≡ (pk)(ik)δ{(jl)ε, (il)(kl)(pl)(kl)−1(il)−1(pl)−1}(pk)−1(pi)−1.
If δ = 1, then
{(ik)δ, (pk)−1}(pi)−1(jl)ε
≡ (pk){(jl)ε, {(il), (kl)}{(kl), (il)(kl)}(pl){(kl)−1, (il)(kl)}}
(il)−1, (kl)}(pl)−1}(ik)δ(pk)−1(pi)−1
≡ (pk){(jl)ε, (il)(kl)(pl)(kl)−1(il)−1(pl)−1}(ik)δ(pk)−1(pi)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(pl), (kl)}, {(kl)−1, (pl)(kl)}
{(il)−1, (pl)−1(kl)−1(pl)(kl)}}{(pl), (kl)}}{(ik)δ, (pk)−1}(pi)−1
≡ {(jl)ε, (il)(pl)(il)−1(pl)−1}{(ik)δ, (pk)−1}(pi)−1.
If δ = −1, then
{(ik)δ, (pk)−1}(pi)−1(jl)ε
≡ (pk){(jl)ε, {(il), (kl)−1(il)−1}{(kl), (il)−1}(pl){(kl)−1, (il)−1}
{(il)−1, (kl)−1(il)−1}(pl)−1}(ik)δ(pk)−1(pi)−1
≡ (pk){(jl)ε, (il)(kl)(pl)(kl)−1(il)−1(pl)−1(ik)δ(pk)−1(pi)−1
≡ {(jl)ε, (il)(pl)(il)−1(pl)−1}{(ik)δ, (pk)−1}(pi)−1.
b) p = j, p = j < i < k < l.
(pi)−1(jl)ε(ik)δ
= (ji)−1(jl)ε(ik)δ
≡ {(jl)ε, (il)−1(jl)−1}{(ik)δ, (jk)−1}(ji)−1 and
{(ik)δ, (pk)−1}(pi)−1(jl)ε
≡ (jk)(ik)δ(jk)−1(ji)−1(jl)ε
≡ (jk)(ik)δ(jk)−1{(jl)ε, (il)−1(jl)−1}(ji)−1
≡ (jk)(ik)δ{{(jl)ε, (kl)−1(jl)−1}, {(il)−1, (kl)(jl)(kl)−1jl)−1}
{(jl)−1, (kl)−1(jl)−1}(jk)−1(jl)−1
≡ (jk)(ik)δ{(jl)ε, (kl)−1(il)−1(jl)−1}(jk)−1(ji)−1.
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If δ = 1, then
{(ik)δ, (pk)−1}(pi)−1(jl)ε
≡ (jk){(jl)ε, {(kl)−1, (il)(kl)}{(il)−1, (kl)}(jl)−1}(ik)δ(jk)−1(ji)−1
≡ (jk){(jl)ε, (kl)−1(il)−1(jl)−1}(ik)δ(jk)−1(ji)−1
≡ {{(jl)ε, (kl)}{(kl)−1, (jl)(kl)}{(il)−1, (jl)−1(kl)−1(ji)(kl)}
{(jl)−1, (kl)}}(jk)(ik)δ(jk)−1(ji)−1
≡ {(jl)ε, (il)−1(jl)−1}{(ik)δ, (jk)−1}(ji)−1.
If δ = −1, then
{(ik)δ, (pk)−1}(pi)−1(jl)ε
≡ (jk){(jl)ε, {(kl)−1, (il)−1}{(il)−1, (kl)−1(il)−1}(jl)−1}(ik)δ(jk)−1(ji)−1
≡ (jk){(jl)ε, (kl)−1(il)−1(jl)−1}(ik)δ(jk)−1(ji)−1
≡ {(jl)ε, (il)−1(jl)−1}{(ik)δ, (jk)−1}(ji)−1.
c) p > j, j < p < i < k < l.
(f, g)w ≡ (jl)
ε{(ik)δ, (pk)−1}(pi)−1 − (pk)(ik)δ(pk)−1(pi)−1(jl)ε
≡ (jl)ε(pk)(ik)δ(pk)−1(pi)−1 − (jl)ε(pk)(ik)δ(pk)−1(pi)−1
≡ 0.
2) p < i < k < j < l.
(f, g)w = (pi)
−1(jl)ε(ik)δ − {(ik)δ, (pk)−1}(pi)−1(jl)ε
≡ (jl)ε(pi)−1(ik)δ − (jl)ε{(ik)δ, (pk)−1}(pi)−1
≡ 0.
(8) ∧ (7)
Let f = (ij)(jk)−1 − {(jk)−1, (ik)(jk)}(ij), g = (jk)−1(kl)ε − {(kl)ε, (jl)−1}(jk)−1, i <
j < k < l. Then w = (ij)(jk)−1(kl)ε and
(f, g)w = (ij){(kl)
ε, (jl)−1}(jk)−1 − {(jk)−1, (ik)(jk)}(ij)(kl)ε ≡ 0
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since
(ij){(kl)ε, (jl)−1}(jk)−1
≡ {(kl)ε, {(jl)−1, (il)(jl)}}{(jk)−1, (ik)(jk)}(ij) and
{(jk)−1, (ik)(jk)}(ij)(kl)ε
≡ (jk)−1(ik)−1(jk)−1(ik)(jk)(kl)ε(ij)
≡ (jk)−1(ik)−1(jk)−1(ik){(kl)ε, (jl)(kl)}(jk)(ij)
≡ (jk)−1(ik)−1(jk)−1{{(kl)ε, (il)(kl)}, {(jl), (il)−1(kl)−1(il)(kl)}
{(kl), (il)(kl)}}(ik)(jk)(ij)
≡ (jk)−1(ik)−1{{(kl)ε, (jl)−1}, (il){(jl), (kl)−1(jl)−1}{(kl), (jl)−1}}
(jk)−1(ik)(jk)(ij)
≡ (jk)−1{{{(kl)ε, (il)−1}, {(jl)−1, (kl)(il)(kl)−1(il)−1}},
{(il), (kl)−1(il)−1}{(jl), (kl)(il)(kl)−1(il)−1}{(kl), (il)−1}}(ik)−1(jk)−1(ik)(jk)(ij)
≡ {{(kl)ε, (jl)−1}, (il)−1{(kl)−1, (jl)−1}{(jl)−1, (kl)−1(jl)−1}{(kl), (jl)−1}(il)
{(kl)−1, (jl)−1}{(jl), (kl)−1(jl)−1}{(kl), (jl)−1}}(jk)−1(ik)−1(jk)−1(ik)(jk)(ij)
≡ {(kl)ε, {(jl)−1, (il)(jl)}}{(jk)−1, (ik)(jk)}(ij).
(8) ∧ (8)
Let f = (ij)(jk)−{(jk), (ik)(jk)}(ij), g = (jk)(kl)ε−{(kl)ε, (jl)(kl)}(jk), i < j < k < l.
Then w = (ij)(jk)(kl)ε and
(f, g)w = (ij){(kl)
ε, (jl)(kl)}(jk)− {(jk), (ik)(jk)}(ij)(kl) ≡ 0
since
(ij){(kl)ε, (jl)(kl)}(jk)
≡ {(kl)ε, {(jl), (il)(jl)}(kl)}{jk, (ik)(jk)}(ij) and
{(jk), (ik)(jk)}(ij)(kl)
≡ (jk)−1(ik)−1(jk)(ik)(jk)(kl)(ij)
≡ (jk)−1(ik)−1(jk)(ik){(kl), (jl)(kl)}(jk)(ij)
≡ (jk)−1(ik)−1(jk){{(kl), (il)(kl)}, {(jl), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}}(ik)(jk)(ij)
≡ (jk)−1(ik)−1{{(kl), (jl)(kl)}, (il){(jl), (kl)}{(kl), (jl)(kl)}}(jk)(ik)(jk)(ij)
≡ (jk)−1{{(kl), (il)−1}, {(jl), (kl)(il)(kl)−1(il)−1}{(kl), (il)−1}{(il), (kl)−1(il)−1}
{(jl), (kl)(il)(kl)−1(il)−1}{(kl), (il)−1}}(ik)−1(jk)(ik)(jk)(ij)
≡ {{(kl), (jl)−1}, {{(jl), (kl)−1(jl)−1}, {(kl), (jl)−1}(il)}{(jl), (kl)−1(jl)−1}
{(kl), (jl)−1}}{(jk), (ik)(jk)}(ij)
≡ {(kl)ε, {(jl), (il)(jl)}(kl)}{jk, (ik)(jk)}(ij).
(8) ∧ (9)
Let f = (ij)(jk)−1−{(jk)−1, (ik)(jk)}(ij), g = (jk)−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, i <
j < k < l. Then w = (ij)(jk)−1(jl)ε and
(f, g)w = (ij){(jl)
ε, (kl)−1(jl)−1}(jk)−1 − {(jk)−1, (ik)(jk)}(ij)(jl)ε ≡ 0
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since
(ij){(jl)ε, (kl)−1(jl)−1}(jk)−1
≡ {(jl)ε, (il)(jl)(kl)−1{(jl)−1, (il)(jl)}}{(jk)−1, (ik)(jk)}(ij) and
{(jk)−1, (ik)(jk)}(ij)(jl)ε
≡ (jk)−1(ik)−1(jk)−1(ik)(jk){(jl)ε, (il)(jl)}(ij)
≡ (jk)−1(ik)−1(jk)−1(ik){{(jl)ε, (kl)}, (il){(jl), (kl)}}(jk)(ij)
≡ (jk)−1(ik)−1(jk)−1{{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}, {(il), (kl)}
{{(jl), (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}}(ik)(jk)(ij)
≡ (jk)−1(ik)−1{{(jl)ε, (kl)−1(jl)−1}, (il){(jl), (kl)−1(jl)−1}
{(kl), (jl)−1}}(jk)−1(ik)(jk)(ij)
≡ (jk)−1{{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl)−1, (il)−1}
{(jl)−1, (kl)(il)(kl)−1(il)−1}}, {(il), (kl)−1(il)−1}
{(jl)−1, (kl)(il)(kl)−1(il)−1}{(kl), (il)−1}}(ik)−1(jk)−1(ik)(jk)(ij)
≡ (jk)−1{(jl)ε, (kl)(il)(kl)−1(il)−1(kl)−1(jl)−1(kl)(il)(kl)−1(jl)(kl)}
(ik)−1(jk)−1(ik)(jk)(ij)
≡ {{(jl)ε, (kl)−1(jl)−1}, {(kl), (jl)−1}(il){(kl)−1, (jl)−1}
(il)−1{(kl)−1, (jl)−1}{(jl)−1, (kl)−1(jl)−1}{(kl), (jl)−1}(il){(kl)−1, (jl)−1}
{(jl), (kl)−1(jl)−1}{(kl), (jl)−1}}(jk)−1(ik)−1(jk)−1(ik)(jk)(ij)
≡ {(jl)ε, (il)(jl)(kl)−1{(jl)−1, (il)(jl)}}{(jk)−1, (ik)(jk)}(ij).
(8) ∧ (10)
Let f = (ij)(jk) − {(jk), (ik)(jk)}(ij), g = (jk)(jl)ε − {(jl)ε, (kl)}(jk), i < j < k < l
Then w = (ij)(jk)(jl)ε and
(f, g)w = (ij){(jl)
ε, (kl)}(jk)− {(jk), (ik)(jk)}(ij)(jl)ε ≡ 0
since
(ij){(jl)ε, (kl)}(jk) ≡ {(jl)ε, (il)(jl)(kl)}{(jk), (ik)(jk)}(ij) and
{(jk), (ik)(jk)}(ij)(jl)ε
≡ (jk)−1(ik)−1(jk){(jl)ε, (il)(jl)(kl)}(ik)(jk)(ij)
≡ (jk)−1(ik)−1{{(jl)ε, (kl)}(il){(jl), (kl)}{(kl), (jl)(kl)}}(jk)(ik)(jk)(ij)
≡ (jk)−1{{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}}, {(il), (kl)−1(il)−1}
{(jl), (kl)(il)(kl)−1(il)−1}{(kl)(il)−1}}(ik)−1(jk)(ik)(jk)(ij)
≡ {{(jl)ε, (kl)−1(jl)−1}, {(kl), (jl)−1}(il){(jl), (kl)−1(jl)−1}
{(kl), (jl)−1}}{(jk), (ik)(jk)}(ij)
≡ {(jl)ε, (il)(jl)(kl)}{(jk), (ik)(jk)}(ij).
(8) ∧ (11)
Let f = (pi)(ik)−1−{(ik)−1, (pk)(ik)}(pi), g = (ik)−1(jl)ε−{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, p <
32
i < j < k < l. Then w = (pi)(ik)−1(jl)ε and
(f, g)w = (pi){(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − {(ik)−1, (pk)(ik)}(pi)(jl)ε ≡ 0
since
(pi){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (kl){(il), (pl)(il)}(kl)−1{(il)−1, (pl)(il)}}{(ik)−1, (pk)(ik)}(pi) and
{(ik)−1, (pk)(ik)}(pi)(jl)ε
≡ (ik)−1(pk)−1(ik)−1(pk){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)(pi)
≡ (ik)−1(pk)−1(ik)−1{{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(il)−1, (pl)−1
(kl)−1(pl)(kl)}{(kl)−1, (pl)(kl)}{(il), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}(pk)(ik)(pi)
≡ (ik)−1(pk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(il)−1, (kl)−1(il)−1}
(pl)−1{(kl)−1, (il)−1}(pl){(il), (kl)−1(il)−1}{(kl), (il)−1}(ik)−1(pk)(ik)(pi)
≡ (ik)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(pl)−1, (kl)−1(pl)−1},
{(il), (kl)(pl)(kl)−1(pl)−1}}{{(pl), (kl)−1(pl)−1}, {(il), (kl)(pl)(kl)−1(pl)−1}
{(kl), (pl)−1}}}(pk)−1(ik)−1(pk)(ik)(pi)
≡ {{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(il)−1, (kl)−1(il)−1}
{(kl), (il)−1}(pl)−1{(kl)−1, (il)−1}{(il), (kl)−1(il)−1}{(kl), (il)−1}(pl)
{(kl)−1, (il)−1}(pl)−1{(kl)−1, (il)−1}{(il)−1, (kl)−1(il)−1}{(kl), (il)−1}
(pl){(kl)−1, (il)−1}{(il), (kl)−1(il)−1}{(kl), (il)−1}}{(ik)−1(pk)(ik)}(pi)
≡ {(jl)ε, (kl){(il), (pl)(il)}(kl)−1{(il)−1, (pl)(il)}}{(ik)−1, (pk)(ik)}(pi).
(8) ∧ (12)
Letn f = (pi)(ik)−{(ik), (pk)(ik)}(pi), g = (ik)(jl)ε−{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), p <
i < j < k < l. Then w = (pi)(ik)(jl)ε and
(f, g)w = (pi){(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− {(ik), (pk)(ik)}(pi)(jl)ε ≡ 0
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since
(pi){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, {(il)−1, (pl)(il)}(kl)−1{(il), (pl)(il)}(kl)}{(ik), (pk)(ik)}(pi) and
{(ik), (pk)(jk)}(pi)(jl)ε
≡ (ik)−1(pk)−1(ik){(jl)ε, (il)−1(pl)−1(kl)−1(pl)(il)(kl)}(pk)(ik)(pi)
≡ (ik)−1(pk)−1{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(il)−1, (kl)}(pl)−1
{(kl)−1, (il)(kl)}(pl){(il), (kl)}{(kl), (il)(kl)}}(ik)(pk)(ik)(pi)
≡ (ik)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(il)−1, (kl)(pl)(kl)−1(pl)−1}
{(pl)−1, (kl)−1(pl)−1}{(kl)−1, (pl)−1}{(il)−1, (kl)(pl)(kl)−1(pl)−1}}
{(kl)−1, (pl)−1}{(il), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}
{(il), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}(pk)−1(ik)(pk)(ik)(pi)
≡ {{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(il)−1, (kl)−1(il)−1}
{{(kl)−1, (il)−1}, {{(il), (kl)−1(il)−1}, {(kl), (il)−1}(pl)}}
{(il), (kl)−1(il)−1}{(kl), (il)−1}}(ik)−1(pk)−1(ik)(pk)(ik)(pi)
≡ {(jl)ε, {(il)−1, (pl)(il)}(kl)−1{(il), (pl)(il)}(kl)}{(ik), (pk)(ik)}(pi).
(8) ∧ (13)
Let f = (pi)(ik)δ−{(ik)δ, (pk)(ik)}(pi), g = (ik)δ(jl)ε−(jl)ε(ik)δ. Then w = (pi)(ik)δ(jl)ε
and
(f, g)w = (pi)(jl)
ε(ik)δ − {(ik)δ, (pk)(ik)}(pi)(jl)ε.
There are two cases to consider.
1) p < i < k, j < i < k < l. In this case,there are three subcases to consider.
(a) p < j, p < j < i < k < l.
(pi)(jl)ε(ik)δ
≡ {(jl)ε, (pl)−1(il)−1(pl)(il)}{(ik)δ, (pk)(ik)}(pi) and
{(ik)δ, (pk)(ik)}(pi)(jl)ε
≡ (ik)−1(pk)−1(ik)δ(pk)(ik){(jl)ε, (pl)−1(il)−1(pl)(il)}(pi)
≡ (ik)−1(pk)−1(ik)δ(pk){(jl)ε, (pl)−1{(il)−1, (kl)}(pl){(il), (kl)}}(ik)(pi)
≡ (ik)−1(pk)−1(ik)δ{{(jl)ε, (pl)−1(kl)−1(pl)(kl)}{(pl)−1, (kl)−1}
{{(il)−1, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}}
{(pl), (kl)}{{(il), (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}}(pk)(ik)(pi)
≡ (ik)−1(pk)−1(ik)δ{(jl)ε, (pl)−1(kl)−1(il)−1(pl)(il)(kl)}(pk)(ik)(pi).
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If δ = 1, then
{(ik)δ, (pk)(ik)}(pi)(jl)ε
≡ (ik)−1(pk)−1{(jl)ε, (pl)−1{(kl)−1, (il)(kl)}{(il)−1, (kl)}(pl)
{(il), (kl)}{(kl), (il)(kl)}}(ik)δ(pk)(ik)(pi)
≡ (ik)−1(pk)−1{(jl)ε, (pl)−1{(pl), (il)(kl)}}(ik)δ(pk)(ik)(pi)
≡ (ik)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}
{{(pl), (kl)−1(pl)−1}, {(il), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}}
(pk)−1(ik)δ(pk)(ik)(pi)
≡ {(jl)ε, (pl)−1{(pl), {(kl)−1, (il)−1}{(il), (kl)−1(il)−1}
{(kl), (il)−1}}}(ik)−1(pk)−1(ik)δ(pk)(ik)(pi)
≡ {(jl)ε, (pl)−1(il)−1(pl)(il)}{(ik)δ, (pk)(ik)}(pi).
If δ = −1, then
{(ik)δ, (pk)(ik)}(pi)(jl)ε
≡ (ik)−1(pk)−1{(jl)ε, (pl)−1{(kl)−1, (il)−1}{(il)−1, (kl)−1
(il)−1}(pl){(il), (kl)−1(il)−1}{(kl), (il)−1}(ik)δ(pk)(ik)(pi)
≡ {(jl)ε, (pl)−1(il)−1(pl)(il)}{(ik)δ, (pk)(ik)}(pi).
(b) p = j, p < j < i < k < l.
(pi)(jl)ε(ik)δ
≡ (ji)(jl)ε(ik)δ ≡ {(jl)ε, (il)}{(ik)δ, (jk)(ik)}(ji) and
{(ik)δ, (pk)(ik)}(pi)(jl)ε = (ik)−1(jk)−1(ik)δ(jk)(ik)(ji)(jl)ε
≡ (ik)−1(jk)−1(ik)δ(jk)(ik){(jl)ε, (il)}(ji)
≡ (ik)−1(jk)−1(ik)δ(jk){(jl)ε, {(il), (kl)}}(ik)(ji)
≡ (ik)−1(jk)−1(ik)δ{{(jl)ε, (kl)}{{(il), (jl)−1(kl)−1(jl)(kl)},
{(kl), (jl)(kl)}}}(jk)(ik)(ji)
≡ (ik)−1(jk)−1(ik)δ{(jl)ε, (il)(kl)}(jk)(ik)(ji).
If δ = 1, then
{(ik)δ, (pk)(ik)}(pi)(jl)ε
≡ (ik)−1(jk)−1{(jl)ε, {(il), (kl)}{(kl), (il)(kl)}}(ik)δ(jk)(ik)(ji)
≡ (ik)−1(jk)−1{(jl)ε, (il)(kl)}(ik)δ(jk)(ik)(ji)
≡ (ik)−1{{(jl)ε, (kl)−1(jl)−1}, {(il), (kl)(jl)(kl)−1(jl)−1}
{(kl), (jl)−1}}(jk)−1(ik)δ(jk)(ik)(ji)
≡ {(jl)ε, (jl)−1{(kl)−1, (il)−1}{(il), (kl)−1(il)−1}
{(kl), (il)−1}}(ik)−1(jk)−1(ik)δ(jk)(ik)(ji)
≡ {(jl)ε, (il)}{(ik)δ, (jk)(ik)}(ji).
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If δ = −1, then
{(ik)δ, (pk)(ik)}(pi)(jl)ε
≡ (ik)−1(jk)−1{(jl)ε, {(il), (kl)−1(il)−1}{(kl), (il)−1}}(ik)δ(jk)(ik)(ji)
≡ (ik)−1(jk)−1{(jl)ε, (il)(kl)}(ik)δ(jk)(ik)(ji)
≡ {(jl)ε, (il)}{(ik)δ, (jk)(ik)}(ji).
(c) p > j, j < p < i < k < l.
(f, g)w ≡ (jl)
ε(pi)(ik)δ − (jl)ε{(ik)δ, (pk)(ik)}(pi)
≡ 0.
2) p < i < k < j < l.
(f, g)w = (pi)(jl)
ε(ik)δ − {(ik)δ, (pk)(ik)}(pi)(jl)ε
≡ (jl)ε(pi)(ik)δ − (jl)ε{(ik)δ, (pk)(ik)}(pi)
≡ 0.
(9) ∧ (7)
Let f = (ji)−1(jk)−1−{(jk)−1, (ik)−1(jk)−1}(ji)−1, g = (jk)−1(kl)ε−{(kl)ε, (jl)−1}(jk)−1, j <
i < k < l. Then w = (ji)−1(jk)−1(kl)ε and
(f, g)w = (ji)
−1{(kl)ε, (jl)−1}(jk)−1 − {(jk)−1, (ik)−1(jk)−1}(ji)−1(kl)ε ≡ 0
since
(ji)−1{(kl)ε, (jl)−1}(jk)−1
≡ {(kl)ε, {(jl)−1, (il)−1(jl)−1}}{(jk)−1, (ik)−1(jk)−1}(ji)−1 and
{(jk)−1, (ik)−1(jk)−1}(ji)−1(kl)ε
≡ (jk)(ik)(jk)−1(ik)−1(jk)−1(kl)ε(ji)−1
≡ (jk)(ik)(jk)−1(ik)−1{(kl)ε, (jl)−1}(jk)−1(ji)−1
≡ (jk)(ik)(jk)−1{{(kl)ε, (il)−1}, (jl)−1}(ik)−1(jk)−1(ji)−1
≡ (jk)(ik){{(kl)ε, (jl)−1}, {(il)−1, (kl)(jl)(kl)−1(jl)−1}
{(jl)−1, (kl)−1(jl)−1}}(jk)−1(ik)−1(jk)−1(ji)−1
≡ (jk){{(kl)ε, (il)(kl)}, (jl)−1{(kl)−1, (il)(kl)}{(il)−1, (kl)}(jl)−1}
(ik)(jk)−1(ik)−1(jk)−1(ji)−1
≡ {{(kl)ε, (jl)(kl)}, {(il), (jl)−1(kl)−1(jl)(kl)}{(kl), (jl)(kl)}{(jl)−1, (kl)}{(kl)−1,
(jl)(kl)}{(il)−1, (jl)−1(kl)−1(jl)(kl)}{(jl)−1, (kl)}}(jk)(ik)(jk)−1(ik)−1(jk)−1(ji)−1
≡ {(kl)ε, {(jl)−1, (il)−1(jl)−1}}{(jk)−1, (ik)−1(jk)−1}(ji)−1.
(9) ∧ (8)
let f = (ji)−1(jk)− {(jk), (ik)−1(jk)−1}(ji)−1, g = (jk)(kl)ε − {(kl)ε, (jl)(kl)}(jk), j <
i < k < l. Then w = (ji)−1(jk)(kl)ε and
(f, g)w = (ji)
−1{(kl)ε, (jl)(kl)}(jk)− {(jk), (ik)−1(jk)−1}(ji)−1(kl)ε ≡ 0
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since
(ji)−1{(kl)ε, (jl)(kl)}(jk)
≡ {(kl)ε, {(jl), (il)−1(jl)−1}(kl)}{(jk), (ik)−1(jk)−1}(ji)−1
≡ {(kl)ε, (jl)(il)(jl)(il)−1(jl)−1(kl)}(jk)(ik)(jk)(ik)−1(jk)−1(ji)−1 and
{(jk), (ik)−1(jk)−1}(ji)−1(kl)ε
≡ (jk)(ik)(jk){(kl)ε, (il)−1(jl)−1}(ik)−1(jk)−1(ji)−1
≡ (jk)(ik){{(kl)ε, (jl)(kl)}, {(il)−1, (jl)−1(kl)−1(jl)(kl)}
{(jl)−1, (kl)}}(jk)(ik)−1(jk)−1(ji)−1
≡ (jk){{(kl)ε, (il)(kl)}, (jl){(il)−1, (kl)}(jl)−1}(ik)(jk)(ik)−1(jk)−1(ji)−1
≡ {{(kl)ε, (jl)(kl)}, {{(jl), (kl)}, {(kl)−1, (jl)(kl)}{(il)−1, (jl)−1(kl)−1
(jl)(kl)}}{(kl), (jl)(kl)}{(jl)−1, (kl)}}(jk)(ik)(jk)(ik)−1(jk)−1(ji)−1
≡ {(kl)ε, (jl)(il)(jl)(il)−1(jl)−1(kl)}(jk)(ik)(jk)(ik)−1(jk)−1(ji)−1.
(9) ∧ (9)
Let f = (ji)−1(jk)−1−{(jk)−1, (ik)−1(jk)−1}(ji)−1, g = (jk)−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, j <
i < k < l. Then w = (ji)−1(jk)−1(jl)ε and
(f, g)w = (ji)
−1{(jl)ε, (kl)−1(jl)−1}(jk)−1 − {(jk)−1, (ik)−1(jk)−1}(ji)−1(jl)ε ≡ 0
since
(ji)−1{(jl)ε, (kl)−1(jl)−1}(jk)−1
≡ {{(jl)ε, (il)−1(jl)−1}, (kl)−1{(jl)−1, (il)−1(jl)−1}}{(jk)−1, (ik)−1(jk)−1}(ji)−1
≡ {(jl)ε, (il)−1(jl)−1(kl)−1(jl)(il)(jl)−1(il)−1(jl)−1}
{(jk)−1, (ik)−1(jk)−1}(ji)−1 and
{(jk)−1, (ik)−1(jk)−1}(ji)−1(jl)ε
≡ (jk)(ik)(jk)−1{(jl)ε, {(kl)−1, (il)−1}{(il)−1, (kl)−1(il)−1}(jl)−1}(ik)−1(jk)−1(ji)−1
≡ (jk)(ik){{(jl)ε, (kl)−1(jl)−1}, {(kl)−1, (jl)−1}
{(il)−1, (kl)(jl)(kl)−1(jl)−1}{(jl)−1, (kl)−1(jl)−1}}(jk)−1(ik)−1(jk)(ji)−1
≡ (jk){(jl)ε, {(kl)−1, (il)(kl)}(jl)−1{(kl)−1, (il)(kl)}
{(il)−1, (kl)}(jl)−1}(ik)(jk)−1(ik)−1(jk)(ji)−1
≡ {{(jl)ε, (kl)}, {{(kl)−1, (jl)(kl), {(il), (jl)−1(kl)−1(jl)(kl)}
{(kl), (jl)(kl)}}{(jl)−1, (kl)}{(kl)−1, (jl)(kl)}{(il)−1, (jl)−1(kl)−1(jl)(kl)}
{(jl)−1, (kl)}}(jk)(ik)(jk)−1(ik)−1(jk)(ji)−1
≡ {(jl)ε, (il)−1(jl)−1(kl)−1(jl)(il)(jl)−1(il)−1(jl)−1}{(jk)−1, (ik)−1(jk)−1}(ji)−1.
(9) ∧ (10)
Let f = (ji)−1(jk)− {(jk), (ik)−1(jk)−1}(ji)−1, g = (jk)(jl)ε − {(jl)ε, (kl)}(jk), j < i <
k < l. Then w = (ji)−1(jk)(jl)ε and
(f, g)w = (ji)
−1{(jl)ε, (kl)}(jk)− {(jk), (ik)−1(jk)−1}(ji)−1(jl)ε ≡ 0
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since
(ji)−1{(jl)ε, (kl)}(jk)
≡ {(jl)ε, (il)−1(jl)−1(kl)}{(jk), (ik)−1(jk)−1}(ji)−1 and
{(jk), (ik)−1(jk)−1}(ji)−1(jl)ε
≡ (jk)(ik)(jk){(jl)ε, (kl)−1(il)−1(jl)−1}(ik)−1(jk)−1(ji)−1
≡ (jk)(ik){{(jl)ε, (kl)}, {(kl)−1, (jl)(kl)}{(il)−1, (jl)−1(kl)−1(jl)(kl)}
{(jl)−1, (kl)}}(jk)(ik)−1(jk)−1(ji)−1
≡ (jk){(jl)ε, {(il)−1, (kl)}(jl)−1}(ik)(jk)(ik)−1(jk)−1(ji)−1
≡ {{(jl)ε, (kl)}, {{(il)−1, (jl)−1(kl)−1(jl)(kl)}, {(kl), (jl)(kl)}}
{(jl)−1, (kl)}}(jk)(ik)(jk)(ik)−1(jk)−1(ji)−1
≡ {(jl)ε, (il)−1(jl)−1(kl)}{(jk), (ik)−1(jk)−1}(ji)−1.
(9) ∧ (11)
Let f = (ip)−1(ik)−1 − {(ik)−1, (pk)−1(ik)−1}(ip)−1, i < p < k, g = (ik)−1(jl)ε −
{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, i < j < k < l. Then w = (ip)−1(ik)−1(jl)ε and
(f, g)w = (ip)
−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − {ik)−1, (pk)−1(ik)−1}(ip)−1(jl)ε.
There are three cases to consider.
1) p < j, i < p < j < k < l.
(ip)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (kl){(il), (pl)−1(il)−1}(kl)−1{(il)−1, (pl)−1(il)−1}}
{(ik)−1, (pk)−1(ik)−1}(ip)−1 and
{(ik)−1, (pk)−1(ik)−1}(ip)−1(jl)ε
≡ (ik)(pk)(ik)−1(pk)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1(ip)−1
≡ (ik)(pk)(ik)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(kl), (pl)−1}(il)
{(kl)−1, (pl)−1}(il)−1}(pk)−1(ik)−1(ip)−1
≡ (ik)(pk){{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}{{(kl)−1, (il)−1}
, {(pl)−1, (kl)(il)(kl)−1(il)−1}{(il)−1, (kl)−1(il)−1}}}(ik)−1(pk)−1(ik)−1(ip)−1
≡ (ik){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)}, (il)−1
{(kl)−1, (pl)(kl)}{(pl)−1, (kl)}(il)−1}}}(pk)(ik)−1(pk)−1(ik)−1(ip)−1
≡ {{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}{{(kl)−1, (il)(kl)},
{{(il)−1, (kl)}, {(kl)−1, (il)(kl)}{(pl)−1, (il)−1(kl)−1(il)(kl)}}{(il)−1, (kl)}}}
(ik)(pk)(ik)−1(pk)−1(ik)−1(ip)−1
≡ {(jl)ε, (kl){(il), (pl)−1(il)−1}(kl)−1{(il), (pl)−1(il)−1}}
{(ik)−1, (pk)−1(ik)−1}(ip)−1.
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2) p = j, i < p = j < k < l.
(ip)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
= (ij)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (il)−1(kl){(il), (jl)−1(il)−1(kl)−1}{(il)−1, (jl)−1(il)−1}}
{(ik)−1, (jk)−1(ik)−1}(ij)−1 and
{(ik)−1, (pk)−1(ik)−1}(ip)−1(jl)ε
= {(ik)−1, (jk)−1(ik)−1}(ij)−1(jl)ε
≡ (ik)(jk)(ik)−1(jk)−1(ik)−1{(jl)ε, (il)−1}(ij)−1
≡ (ik)(jk)(ik)−1(jk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1},
{(il)−1, (kl)−1(il)−1}}(ik)−1(ij)−1
≡ (ik)(jk)(ik)−1{{(jl)ε, (kl)−1(jl)−1}, (il)−1}(jk)−1(ik)−1(ij)−1
≡ (ik)(jk){{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl)−1, (il)−1}{(jl)−1, (kl)(il)
(kl)−1(il)−1}{(il)−1, (kl)−1(il)−1}}(ik)−1(jk)−1(ik)−1(ij)−1
≡ (ik){{(jl)ε, (kl)}, {{(kl)−1, (jl)(kl)}, (il)−1{(kl)−1, (jl)(kl)}}
{(jl)−1, (kl)}(il)−1}(jk)(ik)−1(jk)−1(ik)−1(ij)−1
≡ {{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}{{(kl)−1, (il)(kl)},
{(jl), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}}, {(il)−1, (kl)}{(kl)−1, (il)(kl)}
{(jl)−1, (il)−1(kl)−1(il)(kl)}}{(il)−1, (kl)}}(ik)(jk)(ik)−1(jk)−1(ik)−1(ij)−1
≡ {(jl)ε, (il)−1(kl){(il), (jl)−1(il)−1}(kl)−1{(il)−1, (jl)−1(il)−1}}
{(ik)−1, (jk)−1(ik)−1}(ij)−1.
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3) p > j, i < j < p < k < l.
(ip)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (pl)(il)(pl)−1(il)−1(kl){(il), (pl)−1(il)−1}(kl)−1
{(il)−1, (pl)−1(il)−1}}{(ik)−1, (pk)−1(ik)−1}(ip)−1 and
{(ik)−1, (pk)−1(ik)−1}(ip)−1(jl)ε
≡ (ik)(pk)(ik)−1(pk)−1(ik)−1{(jl)ε, (pl)(il)(pl)−1(il)−1}(ip)−1
≡ (ik)(pk)(ik)−1(pk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(pl), (kl)(il)(kl)−1(il)−1}
{(il), (kl)−1(il)−1}{(pl)−1, (kl)(il)(kl)−1(il)−1}{(il)−1, (kl)−1(il)−1}}(ik)−1(ip)−1
≡ (ik)(pk)(ik)−1{(jl)ε, {(pl), (kl)−1(pl)−1}{(kl), (pl)−1}(il){(kl)−1, (pl)−1}
{(pl)−1, (kl)−1(pl)−1}(il)−1}(pk)−1(ik)−1(ip)−1
≡ (ik)(pk){{(jl)ε, (kl)(il)(kl)−1(il)−1}, {{(il), (kl)−1(il)−1}, {(kl)−1, (il)−1}
{(pl)−1, (kl)(il)(kl)−1(il)−1}}{(il)−1, (kl)−1(il)−1}}(ik)−1(pk)−1(ik)−1(ip)−1
≡ (ik){(jl)ε, {(il), {(kl)−1, (pl)(kl)}(il)−1{(kl)−1, (pl)(kl)}{(pl)−1, (kl)}}
(il)−1}(pk)(ik)−1(pk)−1(ik)−1(ip)−1
≡ {{(jl)ε, (il)−1(kl)−1(il)(kl)}, {{(il), (kl)}, {{(kl)−1, (il)(kl)},
{(pl), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}}{(il)−1, (kl)}{(kl)−1, (il)(kl)}
{(pl)−1, (il)−1(kl)−1(il)(kl)}}{(il), (kl)}}{(ik)−1, (pk)−1(ik)−1}(ip)−1
≡ {(jl)ε, (pl)(il)(pl)−1(il)−1(kl){(il), (pl)−1(il)−1}(kl)−1
{(il)−1, (pl)−1(il)−1}}{(ik)−1, (pk)−1(ik)−1}(ip)−1.
(9) ∧ (12)
Let f = (ip)−1(ik)−{(ik), (pk)−1(ik)−1}(ip)−1, i < p < k, g = (ik)(jl)ε−{(jl)ε, (il)−1(kl)−1
(il)(kl)}(ik), i < j < k < l. Then w = (ip)−1(ik)(jl)ε and
(f, g)w = (ip)
−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)− {(ik), (pk)−1(ik)−1}(ip)−1(jl)ε.
There are three cases to consider.
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1) p < j, i < p < j < k < l.
(ip)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, {(il)−1, (pl)−1(il)−1}(kl)−1{(il), (pl)−1(il)−1}(kl)}
{(ik), (pk)−1(ik)−1}(ip)−1 and
{(ik), (pk)−1(ik)−1}(ip)−1(jl)ε
≡ (ik)(pk)(ik){(jl)ε, (kl){(kl)−1, (pl)−1(il)−1}}(pk)−1(ik)−1(ip)−1
≡ (ik)(pk){{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}{{(kl)−1, (il)(kl)},
{(pl)−1, (il)−1(kl)−1(il)(kl)}{(il)−1, (kl)}}}(ik)(pk)−1(ik)−1(ip)−1
≡ (ik){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)},
(il){(pl)−1, (kl)}(il)−1}}(pk)(ik)(pk)−1(ik)−1(ip)−1
≡ {{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}{{(kl)−1, (il)(kl)}, {{(il), (kl)},
{(kl)−1, (il)(kl)}{(pl)−1, (il)−1(kl)−1(il)(kl)}}{(kl), (il)(kl)}
{(il)−1, (kl)}}}{(ik), (pk)−1(ik)−1}(ip)−1
≡ {(jl)ε, {(il)−1, (pl)−1(il)−1}(kl)−1{(il), (pl)−1(il)−1}(kl)}
{(ik), (pk)−1(ik)−1}(ip)−1.
2) p = j, i < p = j < k < l.
(ip)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
= (ij)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, (il)−1(jl)−1(il)−1(kl)−1{(il), (jl)−1(il)−1}(kl)}
{(ik), (jk)−1(ik)−1}(ij)−1 and
{(ik), (pk)−1(ik)−1}(ip)−1(jl)ε
≡ (ik)(jk)(ik){(jl)ε, (kl)−1(jl)−1(il)−1}(jk)−1(ik)−1(ij)−1
≡ (ik)(jk){{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl)−1, (il)(kl)}{(jl)−1,
(il)−1(kl)−1(il)(kl)}{(il)−1, (kl)}} × (ik)(jk)−1(ik)−1(ij)−1
≡ (ik){{(jl)ε, (kl)}, (il)−1{(kl)−1, (jl)(kl)}(il){(jl)−1, (kl)}(il)−1}
(jk)(ik)(jk)−1(ik)−1(ij)−1
≡ {{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}, {(il)−1, (kl)}{{(kl)−1, (il)(kl)},
{(jl), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}}{(il), (kl)}{{(jl)−1, (il)−1(kl)−1
(il)(kl)}, {(kl), (il)(kl)}}{(il)−1, (kl)}}(ik)(jk)(ik)(jk)−1(ik)−1(ji)−1
≡ {(jl)ε, (il)−1(jl)−1(il)−1(kl)−1{(il), (jl)−1(il)−1}(kl)}
{(ik), (jk)−1(ik)−1}(ij)−1.
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3) p > j, i < j < p < k < l.
(ip)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {{(jl)ε, (pl)(il)(pl)−1(il)−1}, {(il)−1, (pl)−1(il)−1}(kl)−1
{(il), (pl)−1(il)−1}(kl)}{(ik), (pk)−1(jk)−1}(ip)−1
≡ {(jl)ε, (il)−1(kl)−1(il)(pl)(il)(pl)−1(il)−1(kl)}{(ik), (pk)−1(ik)−1}(ip)−1 and
{(ik), (pk)−1(ik)−1}(ip)−1(jl)ε
= (ik)(pk)(ik){(jl)ε, {(il), (kl)−1(pl)−1}(il)−1}(pk)−1(ik)−1(ip)−1
≡ (ik)(pk){{(jl)ε, (il)−1(kl)−1(il)(kl)}, {{(il), (kl)}, {(kl)−1, (il)(kl)}
{(pl)−1, (il)−1(kl)−1(il)(kl)}{(il)−1, (kl)}}(ik)(pk)−1(ik)−1(ip)−1
≡ (ik){(jl)ε, {(pl), (kl)}(il){(pl)−1, (kl)}(il)−1}(pk)(ik)(pk)−1(ik)−1(ip)−1
≡ {{(jl)ε, (il)−1(kl)−1(il)(kl)}, {{(pl), (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}
{(il), (kl)}{{(pl)−1, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}{(il)−1, (kl)}}
(ik)(pk)(ik)(pk)−1(ik)−1(ip)−1
≡ {(jl)ε, (il)−1(kl)−1(il)(pl)(il)(pl)−1(il)−1(kl)}{(ik), (pk)−1(ik)−1}(ip)−1.
(9) ∧ (13)
Let f = (ip)−1(ik)δ −{(ik)δ, (pk)−1(ik)−1}(ip)−1, g = (ik)δ(jl)ε − (jl)ε(ik)δ, j < i < p <
k < l or i < p < k < j < l. Then w = (ip)−1(ik)δ(jl)ε and
(f, g)w = (ip)
−1(jl)ε(ik)δ − {(ik)δ, (pk)−1(ik)−1}(ip)−1(jl)ε.
≡ (jl)ε{(ik)δ, (pk)−1(ik)−1}(ip)−1 − (jl)ε{(ik)δ, (pk)−1(ik)−1}(ip)−1
≡ 0.
(10) ∧ (7)
Let f = (ji)(jk)−1 − {(jk)−1, (ik)}(ji), g = (jk)−1(kl)ε − {(kl)ε, (jl)−1}(jk)−1, j < i <
k < l. Then w = (ji)(jk)−1(kl)ε and
(f, g)w = (ji){(kl)
ε, (jl)−1}(jk)−1 − {(jk)−1, (ik)}(ji)(kl)ε ≡ 0
since
(ji){(kl)ε, (jl)−1}(jk)−1 ≡ {(kl)ε, (il)−1(jl)−1(il)}{(jk)−1, (ik)}(ji) and
{(jk)−1, (ik)}(ji)(kl)ε
≡ (ik)−1(jk)−1(ik)(kl)ε(ji)
≡ (ik)−1(jk)−1{(kl)ε, (il)(kl)}(ik)(ji)
≡ (ik)−1{{(kl)ε, (jl)−1}, {(il), (kl)(jl)(kl)−1(jl)−1}{(kl), (jl)−1}}(jk)−1(ik)(ji)
≡ {{(kl)ε, (il)−1}, (jl)−1{(kl)−1, (il)−1}{(il), (kl)−1(il)−1}
{(kl), (il)−1}}(ik)−1(jk)−1(ik)(ji)
≡ {(kl)ε, (il)−1(jl)−1(il)}{(jk)−1, (ik)}(ji).
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(10) ∧ (8)
Let f = (ji)(jk) − {(jk), (ik)}(ji), g = (jk)(kl)ε − {(kl)ε, (jl)(kl)}(jk), j < i < k < l.
Then w = (ji)(jk)(kl)ε and
(f, g)w = (ji){(kl)
ε, (jl)(kl)}(jk)− {(jk), (ik)}(ji)(kl)ε ≡ 0
since
(ji){(kl)ε, (jl)(kl)}(jk) ≡ {(kl)ε, (il)−1(jl)(il)(kl)}{(jk), (ik)}(ji) and
{(jk), (ik)}(ji)(kl)ε
≡ (ik)−1(jk){(kl)ε, (il)(kl)}(ik)(ji)
≡ (ik)−1{{(kl)ε, (jl)(kl)}, {(il), (jl)−1(kl)−1(jl)(kl)}{(kl), (jl)(kl)}}(jk)(ik)(ji)
≡ {{(kl)ε, (il)−1}, (jl){(il), (kl)−1(il)−1}{(kl), (il)−1}}(ik)−1(jk)(ik)(ji)
≡ {(kl)ε, (il)−1(jl)(il)(kl)}{(jk), (ik)}(ji).
(10) ∧ (9)
Let f = (ji)(jk)−1−{(jk)−1, (ik)}(ji), g = (jk)−1(jl)ε−{(jl)ε, (kl)−1(jl)−1}(jk)−1, j <
i < k < l. Then w = (ji)(jk)−1(jl)ε and
(f, g)w = (ji){(jl)
ε, (kl)−1(jl)−1}(jk)−1 − {(jk)−1, (ik)}(ji)(jl)ε ≡ 0
since
(ji){(jl)ε, (kl)−1(jl)−1}(jk)−1
≡ {(jl)ε, (il)(kl)−1(il)−1(jl)−1(il)}{(jk)−1, (ik)}(ji) and
{(jk)−1, (ik)}(ji)(jl)ε
≡ (ik)−1(jk)−1(ik){(jl)ε, (il)}(ji)
≡ (ik)−1(jk)−1{(jl)ε, {(il), (kl)}}(ik)(ji)
≡ (ik)−1{{(jl)ε, (kl)−1(jl)−1}, {(kl)−1, (jl)−1}
{(il), (kl)(jl)(kl)−1(jl)−1}{(kl), (jl)−1}}(jk)−1(ik)(ji)
≡ {(jl)ε, {(kl)−1, (il)−1}(jl)−1{(kl)−1, (il)−1}
{(il), (kl)−1(il)−1}{(kl), (il)−1}}(ik)−1(jk)−1(ik)(ji)
≡ {(jl)ε, (il)(kl)−1(il)−1(jl)−1(il)}{(jk)−1, (ik)}(ji).
(10) ∧ (10)
Let f = (ji)(jk) − {(jk), (ik)}(ji), g = (jk)(jl)ε − {(jl)ε, (kl)}(jk), j < i < k < l. Then
w = (ji)(jk)(jl)ε and
(f, g)w = (ji){(jl)
ε, (kl)}(jk)− {(jk), (ik)}(ji)(jl)ε ≡ 0
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since
(ji){(jl)ε, (kl)}(jk)
≡ {(jl)ε, (il)(kl)}{(jk), (ik)}(ji) and
{(jk), (ik)}(ji)(jl)ε
≡ (ik)−1(jk){(jl)ε, {(il), (kl)}}(ik)(ji)
≡ (ik)−1{{(jl)ε, (kl)}, {{(il), (jl)−1(kl)−1(jl)(kl)}, {(kl), (jl)(kl)}}}(jk)(ik)(ji)
≡ {(jl)ε, {(il), (kl)−1(il)−1}{(kl), (il)−1}}(ik)−1(jk)(ik)(ji)
≡ {(jl)ε, (il)(kl)}{(jk), (ik)}(ji).
(10) ∧ (11)
Let f = (ip)(ik)−1 − {(ik)−1, (pk)}(ip), g = (ik)−1(jl)ε − {(jl)ε, (kl)(il)(kl)−1
(il)−1}(ik)−1, i < p < k, i < j < k < l. Then w = (ip)(ik)−1(jl)ε and
(f, g)w = (ip){(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − {(ik)−1, (pk)}(ip)(jl)ε.
There are three cases to consider.
1) p < j, i < p < j < k < l.
(ip){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (kl){(il), (pl)}(kl)−1{(il)−1, (pl)}}{(ik)−1, (pk)}(ip) and
{(ik)−1, (pk)}(ip)(jl)ε
≡ (pk)−1(ik)−1{(jl)ε, (pl)−1(kl)−1(pl)(kl)}(pk)(ip)
≡ (pk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(pl)−1, (kl)(il)(kl)−1(il)−1}
{(kl)−1, (il)−1}{(pl), (kl)(il)(kl)−1(il)−1}{(kl), (il)−1}(ik)−1(pk)(ip)
≡ {{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1, (pl)−1}(il)−1{(kl)−1, (pl)−1}
{(pl), (kl)−1(pl)−1}}{(kl), (pl)−1}}(pk)−1(ik)−1(pk)(ip)
≡ {(jl)ε, (kl){(il), (pl)}(kl)−1{(il)−1, (pl)}}{(ik)−1, (pk)}(ip).
2) p = j, i < p = j < k < l.
(ip){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
= (ij){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (il)(jl)(kl){(il), (jl)}(kl)−1{(il)−1, (jl)}}{(ik)−1, (jk)}(ij) and
{(ik)−1, (pk)}(ip)(jl)ε = (jk)−1(ik)−1(jk)(ij)(jl)ε
≡ (jk)−1(ik)−1(jk){(jl)ε, (il)(jl)}(ij)
≡ (jk)−1(ik)−1{{(jl)ε, (kl)}, (il){(jl), (kl)}}(jk)(ij)
≡ (jk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}{(il), (kl)−1(il)−1}
{{(jl), (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}}}(ik)−1(jk)(ij)
≡ {{(jl)ε, (kl)−1(jl)−1}, {(il), {(kl)−1, (jl)−1}(il)−1{(kl)−1, (jl)−1}}
{(jl), (kl)−1(jl)−1}{(kl), (jl)−1}}(jk)−1(ik)−1(ik)(ij)
≡ {(jl)ε, (il)(jl)(kl){(il), (jl)}(kl)−1{(il)−1, (jl)}}{(ik)−1, (jk)}(ij).
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3) p > j, i < j < p < k < l.
(ip){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (il)−1(pl)−1(il)(pl)(kl){(il), (pl)}(kl)−1
{(il)−1, (pl)}}{(ik)−1, (pk)}(ip) and
{(ik)−1, (pk)}(ip)(jl)ε
≡ (pk)−1(ik)−1(pk){(jl)ε, (il)−1(pl)−1(il)(pl)}(ip)
≡ (pk)−1(ik)−1{(jl)ε, (il)−1{(pl)−1, (kl)}(il){(pl), (kl)}}(pk)(ip)
≡ (pk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(il)−1, (kl)−1(il)−1}{{(pl)−1,
(kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}}{(il), (kl)−1(jl)−1}{{(pl), (kl)(il)
(kl)−1(il)−1}, {(kl), (il)−1}}}(ik)−1(pk)(ip)
≡ {(jl)ε, (il)−1{{(pl)−1, (kl)−1(pl)−1}, {(kl), (pl)−1}}{(il), {(kl)−1, (pl)−1}
(il)−1}{{(pl), (kl)−1(pl)−1}, {(kl), (pl)−1}}}(pk)−1(ik)−1(pk)(ip)
≡ {(jl)ε, (il)−1(pl)−1(il)(pl)(kl){(il), (pl)}(kl)−1{(il)−1, (pl)}}{(ik)−1, (pk)}(ip).
(10) ∧ (12)
Let f = (ip)(ik)−{(ik), (pk)}(ip), g = (ik)(jl)ε−{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i < p <
k, i < j < k < l. Then w = (ip)(ik)(jl)ε and
(f, g)w = (ip){(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− {(ik), (pk)}(ip)(jl)ε.
There are three cases to consider.
1) p < j, i < p < j < k < l.
(ip){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, {(il)−1, (pl)}(kl)−1{(il), (pl)}(kl)}{(ik), (pk)}(ip) and
{(ik), (pk)}(ip)(jl)ε
≡ (pk)−1(ik){(jl)ε, (pl)−1(kl)−1(pl)(kl)}(pk)(ip)
≡ (pk)−1{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(pl)−1, (il)−1(kl)−1(il)(kl)}
{(kl)−1, (il)(kl)}{(pl), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}}(ik)(pk)(ip)
≡ {{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1, (pl)−1}, (il){(pl), (kl)−1(pl)−1}}
{(kl), (pl)−1}}(jk)−1(ik)(pk)(ip)
≡ {(jl)ε, {(il)−1, (pl)}(kl)−1{(il), (pl)}(kl)}{(ik), (pk)}(ip).
45
2) p = j, i < p = j < k < l.
(ip){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
= (ij){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {{(jl)ε, (il)(jl)}, {(il)−1, (jl)}(kl)−1{(il), (jl)}(kl)}{(ik), (jk)}(ij)
≡ {(jl)ε, (kl)−1(jl)−1(il)(jl)(kl)}(jk)−1(ik)(jk)(ij) and
{(ik), (pk)}(ip)(jl)ε
≡ (jk)−1(ik)(jk)(ij)(jl)ε
≡ (jk)−1(ik){(jl)ε, (kl)(il){(jl), (kl)}}(jk)(ij)
≡ (jk)−1{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}{(il), (kl)}
{{(jl), (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}}(ik)(jk)(ij)
≡ {{(jl)ε, (kl)−1(jl)−1}, (il){(jl), (kl)−1(jl)−1}{(kl), (jl)−1}}(jk)−1(ik)(jk)(ij)
≡ {(jl)ε, (kl)−1(jl)−1(il)(jl)(kl)}(jk)−1(ik)−1(jk)(ij).
3) p > j, i < j < p < k < l.
(ip){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {{(jl)ε, (il)−1(pl)−1(il)(pl)}, {(il)−1, (pl)}(kl)−1{(il), (pl)}(kl)}{(ik), (pk)}(ip)
≡ {(jl)ε, (il)−1(kl)−1(pl)−1(il)(pl)(kl)}(pk)−1(ik)(pk)(ip) and
{(ik), (pk)}(ip)(jl)ε
≡ (pk)−1(ik){(jl)ε, (il)−1{(pl)−1, (kl)}(il){(pl), (kl)}}(pk)(ip)
≡ (pk)−1{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(il)−1, (kl)}
{{(pl)−1, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}{(il), (kl)}
{{(pl), (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}}(ik)(pk)(ip)
≡ {(jl)ε, (il)−1{(kl)−1, (pl)−1}{(pl)−1, (kl)−1(pl)−1}(il)
{(pl), (kl)−1(pl)−1}{(kl), (pl)−1}}(pk)−1(ik)(pk)(ip)
≡ {(jl)ε, (il)−1(kl)−1(pl)−1(il)(pl)(kl)}(pk)−1(ik)(pk)(ip).
(10) ∧ (13)
Let f = (ip)(ik)δ−{(ik)δ, (pk)}(ip), g = (ik)δ(jl)ε− (jl)ε(ik)δ, j < i < p < k < l, or, i <
p < k < j < l. Then w = (ip)(ik)δ(jl)ε and
(f, g)w = (ip)(jl)
ε(ik)δ − {(ik)δ, (pk)}(ip)(jl)ε
≡ (jl)ε(ip)(ik)δ − (jl)ε{(ik)δ, (pk)}(ip)
≡ 0.
(11) ∧ (7)
Let f = (pq)−1(jk)−1 − {(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1, g = (jk)−1(kl)ε − {(kl)ε,
(jl)−1}(jk)−1, p < j < q < k < l. Then w = (pq)−1(jk)−1(kl)ε and
(f, g)w = (pq)
−1{(kl)ε, (jl)−1}(jk)−1 − {(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(kl)ε ≡ 0
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since
(pq)−1{(kl)ε, (jl)−1}(jk)−1
≡ {(kl)ε, {(jl)−1, (ql)(pl)(ql)−1(pl)−1}}{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(kl)ε
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1(kl)ε(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1{(kl)ε, (pl)−1}(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk)(pk){{(kl)ε, (ql)−1}, (pl)−1}(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk){{(kl)ε, (pl)(kl)}, {(ql)−1, (pl)−1(kl)−1(pl)(kl)}
{(pl)−1, (kl)}}(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1{{(kl)ε, (ql)(kl)}, (pl){(ql)−1, (kl)}(pl)−1}
(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{{(kl)ε, (jl)−1}, {(ql), (kl)(jl)(kl)−1(jl)−1}
{(kl), (jl)−1}}, (pl){{(ql)−1, (kl)(jl)(kl)−1(jl)−1}, {(kl), (jl)−1}}(pl)−1}
(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1{{(kl)ε, (ql)−1}, (jl)−1{(pl), {(kl)−1, (ql)−1}
{(ql)−1, (kl)−1(ql)−1}{(kl), (ql)−1}}(pl)−1}(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(kl)ε, (pl)−1}, {(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(jl)−1, (kl)(pl)
(kl)−1(pl)−1}{(ql), (kl)(pl)(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)
(kl)−1(pl)−1}{pl()−1, (kl)−1(pl)−1}}(pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){{(kl)ε, (ql)(kl)}, {(jl)−1, {(ql), (kl)}{(kl), (ql)(kl)}(pl)}{(kl)−1, (ql)(kl)}
{(ql)−1, (kl)}(pl)−1}(qk)(pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(kl)ε, (pl)(kl)}, {{(jl)−1, (pl)−1(kl)−1(pl)(kl)}, {(ql), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}{(pl), (kl)}{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1(pl)(kl)}
{(pl)−1, (kl)}{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {(kl)ε, {(jl)−1, (ql)(pl)(ql)−1(pl)−1}}{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1.
(11) ∧ (8)
Let f = (pq)−1(jk)−{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1, g = (jk)(kl)ε−{(kl)ε, (jl)(kl)}(jk), p <
j < q < k < l. Then w = (pq)−1(jk)(kl)ε and
(f, g)w = (pq)
−1{(kl)ε, (jl)(kl)}(jk)− {(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1(kl)ε ≡ 0
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since
(pq)−1{(kl)ε, (jl)(kl)}(jk)
≡ {(kl)ε, {(jl), (ql)(pl)(ql)−1(pl)−1}(kl)}{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1(kl)ε
≡ (pk)(qk)(pk)−1(qk)−1(jk){(kl)ε, (ql)(kl)(pl){(ql)−1, (kl)}(pl)−1}
(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{(kl)ε, (jl)(kl)}, {(ql), (jl)−1(kl)−1(jl)(kl)}
{(kl), (jl)(kl)}(pl){{(ql)−1, (jl)−1(kl)−1(jl)(kl)}{(kl), (jl)(kl)}}(pl)−1}
(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1{{(kl)ε, (ql)−1}, (jl){(pl), {(kl)−1, (ql)−1}{(ql)−1, (kl)−1
(ql)−1}}{(kl), (ql)−1}(pl)−1}(qk)−1(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(kl)ε, (pl)−1}, {(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(jl), (kl)(pl)(kl)−1
(pl)−1}{(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)
(kl)−1(pl)−1}{(pl)−1, (kl)−1(pl)−1}}(pk)−1(qk)−1(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){{(kl)ε, (ql)(kl)}, {(jl), {(ql), (kl)}{(kl), (ql)(kl)}(pl)}{(ql)−1, (kl)}(pl)−1}
(qk)(pk)−1(qk)−1(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(kl)ε, (pl)(kl)}, {{(jl), (pl)−1(kl)−1(pl)(kl)}, {(ql), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}{(pl), (kl)}{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1(pl)(kl)}}
{(kl), (pl)(kl)}{(pl)−1, (kl)}}{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {(kl)ε, {(jl), (ql)(pl)(ql)−1(pl)−1}(kl)}{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1.
(11) ∧ (9)
Let f = (pq)−1(jk)−1−{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1, g = (jk)−1(jl)ε−{(jl)ε, (kl)−1
(jl)−1}(jk)−1, p < j < q < k < l. Then w = (pq)−1(jk)−1(jl)ε and
(f, g)w = (pq)
−1{(jl)ε, (kl)−1(jl)−1}(jk)−1−{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε ≡ 0
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since
(pq)−1{(jl)ε, (kl)−1(jl)−1}(jk)−1
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1(kl)−1{(jl)−1, (ql)(pl)(ql)−1(pl)−1}}
{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1{(jl)ε, (ql)(pl)(ql)−1(pl)−1}(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1},
{(ql), (kl)(pl)(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}
{(pl)−1, (kl)−1(pl)−1}}(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk)(pk){(jl)ε, {(pl), {(kl)−1, (ql)−1}
{(ql)−1, (kl)−1(ql)−1}}(pl)−1}(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(pl), (kl)},
{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1(pl)(kl)}}{(pl)−1, (kl)}}(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(jk)−1{(jl)ε, {(ql), (kl)}(pl){(ql)−1, (kl)}(pl)−1}
(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{(jl)ε, (kl)−1(jl)−1}, {{(ql), (kl)(jl)(kl)−1(jl)−1},
{(kl), (jl)−1}}(pl){{(ql)−1, (kl)(jl)(kl)−1(jl)−1}, {(kl), (jl)−1}}(pl)−1}
(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1{(jl)ε, {(kl)−1, (ql)−1}(jl)−1{{(ql), (kl)−1(ql)−1},
{(kl), (ql)−1}}(pl){{(ql)−1, (kl)−1(ql)−1}, {(kl), (ql)−1}}(pl)−1}
(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}
{(kl)−1, (pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(jl)−1, (kl)(pl)(kl)−1(pl)−1}
{(ql), (kl)(pl)(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}
{(pl)−1, (kl)−1(pl)−1}}, (pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){(jl)ε, {(ql), (kl)}{(kl), (ql)(kl)}(pl){(kl), (ql)(kl)}{(jl)−1, {(ql), (kl)}
{(kl), (ql)(kl)}(pl)}{(kl)−1, (ql)(kl)}{(ql)−1, (kl)}(pl)−1}
(qk)(pk)−1(qk)−1(jk)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(pl), (kl)}, {(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1
(pl)(kl)}}{(kl), (pl)(kl)}{{(jl)−1, (pl)−1(kl)−1(pl)(kl)}, {{(pl), (kl)}, {(kl)−1, (pl)(kl)}
{(ql)−1, (pl)−1(kl)−1(pl)(kl)}}}{(pl)−1, (kl)}{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {{(jl)ε, (ql)(pl)(ql)−1(pl)−1(kl)−1{(jl)−1, (ql)(pl)(ql)−1(pl)−1}}
{(jk)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1.
(11) ∧ (10)
Let f = (pq)−1(jk)−{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1, g = (jk)(jl)ε−{(jl)ε, (kl)}(jk), p <
j < q < k < l. Then w = (pq)−1(jk)(jl)ε and
(f, g)w = (pq)
−1{(jl)ε, (kl)}(jk)− {(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε ≡ 0
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since
(pq)−1{(jl)ε, (kl)}(jk)
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1(kl)}{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1(jk){(jl)ε, {(ql), (kl)}(pl){(ql)−1, (kl)}(pl)−1}
(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{(jl)ε, (kl)}, {{(ql), (jl)−1(kl)−1(jl)(kl)}, {(kl), (jl)(kl)}}(pl)
{{(ql)−1, (jl)−1(kl)−1(jl)(kl)}, {(kl), (jl)(kl)}(pl)−1}(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1,
≡ (pk)(qk)(pk)−1{(jl)ε, {(kl), (ql)−1}{{(ql), (kl)−1(ql)−1}, {(kl), (ql)−1}}(pl)
{{(ql)−1, (kl)−1(ql)−1}{(kl), (ql)−1}}(pl)−1}(qk)−1(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}
{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1, (kl)−1(pl)−1}}
(pk)−1(qk)−1(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){(jl)ε, {(ql), (kl)}{(kl), (ql)(kl)}(pl){(ql)−1, (kl)}(pl)−1}
(qk)(pk)−1(qk)−1(jk)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}
{(pl), (kl)}{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}
{(pl)−1, (kl)}}{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1(kl)}{(jk), (qk)(pk)(qk)−1(pk)−1}(pq)−1.
(11) ∧ (11)
Let f = (pq)−1(ik)−1−{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1, p < i < q < k, g = (ik)−1(jl)ε−
{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, i < j < k < l. Then w = (pq)−1(ik)−1(jl)ε and
(f, g)w = (pq)
−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1−{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε.
There are three cases to consider.
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1) q < j, p < i < q < j < k < l.
(pq)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (kl){(kl)−1, {(il)−1, (ql)(pl)(ql)−1(pl)−1}}}
{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1(qk)(pk)(qk)−1{(jl)ε, (kl)(pl)(kl)−1(pl)−1}
(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1(qk)(pk){{(jl)ε, (kl)(ql)(kl)−1(ql)−1}, {(kl), (ql)−1}
(pl){(kl)−1, (ql)−1}(pl)−1}(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}
{{(kl)−1, (pl)(kl)}, {(ql)−1, (pl)−1(kl)−1(pl)(kl)}{(pl)−1, (kl)}}}
(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1{{(jl)ε, (ql)−1(kl)−1(ql)(kl)}, {(kl), (ql)(kl)}
{{(kl)−1, (ql)(kl)}, (pl){(ql)−1, (kl)}(pl)−1}}(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}{{(kl)−1,
(il)−1}, {(ql), (kl)(il)(kl)−1(il)−1}{(kl), (il)−1}(pl){(kl)−1, (il)−1}{(ql)−1, (kl)(il)
(kl)−1(il)−1}{(kl), (il)−1}(pl)−1}}(ik)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1{{(jl)ε, (kl)(ql)(kl)−1(ql)−1}, {(kl), (ql)−1}{{(kl)−1, (ql)−1},
(il)−1{(kl)−1, (ql)−1}{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}(pl){(kl)−1, (ql)−1}{(ql)−1,
(kl)−1(ql)−1}{(kl), (ql)−1}(pl)−1}(qk)−1(ik)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(kl), (pl)−1}{{(kl)−1, (pl)−1},
{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(il)−1, (kl)(pl)(kl)−1(pl)−1}{(ql), (kl)(pl)
(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}
{(pl)−1, (kl)−1(pl)−1}}}(pk)−1(qk)−1(ik)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){{(jl)ε, (ql)−1(kl)−1(ql)(kl)}, {(kl), (ql)(kl)}{{(kl)−1, (ql)(kl)}, {(il)−1,
{(ql), (kl)}{(kl), (ql)(kl)}(pl)}{(kl)−1, (ql)(kl)}{(ql)−1, (kl)}(pl)−1}}
(qk)(pk)−1(qk)−1(ik)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)}, {{(il)−1,
(pl)−1(kl)−1(pl)(kl)}, {(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{(pl), (kl)}
{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1(pl)(kl)}}{(pl)−1, (kl)}}}
{(ik)−1, (qk)(pk)(qk)−1(pk)−1(pq)−1}
≡ {(jl)ε, (kl){(kl)−1, {(il)−1, (ql)(pl)(ql)−1(pl)−1}}}
{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1.
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2) q = j, p < i < q =< j < k < l.
(pq)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
= (pj)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {{(jl)ε, (pl)−1}, (kl){(kl)−1, {(il)−1, (jl)(pl)(jl)−1(pl)−1}}}
{(ik)−1, (jk)(pk)(jk)−1(pk)−1}(pj)−1 and
{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
= {(ik)−1, (jk)(pk)(jk)−1(pk)−1}(pj)−1(jl)ε
≡ (pk)(jk)(pk)−1(jk)−1(ik)−1(jk)(pk)(jk)−1(pk)−1{(jl)ε, (pl)−1}(pj)−1
≡ (pk)(jk)(pk)−1(jk)−1(ik)−1(jk)(pk)(jk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1},
{(pl)−1, (kl)−1(pl)−1}}(pk)−1(pj)−1
≡ (pk)(jk)(pk)−1(jk)−1(ik)−1(jk)(pk){{(jl)ε, (kl)−1(jl)−1}, (pl)−1}
(jk)−1(pk)−1(pj)−1
≡ (pk)(jk)(pk)−1(jk)−1(ik)−1(jk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl)−1, (pl)
(kl)}{(jl)−1, (pl)−1(kl)−1(pl)(kl)}{(pl)−1, (kl)}}(pk)(jk)−1(pk)−1(pj)−1
≡ (pk)(jk)(pk)−1(jk)−1(ik)−1{{(jl)ε, (kl)}, (pl)−1{(kl)−1, (jl)(kl)}(pl)
{(jl)−1, (kl)}(pl)−1}(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk)(jk)(pk)−1(jk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}(pl)−1
{{(kl)−1, (il)−1}, {(jl), (kl)(il)(kl)−1(il)−1}{(kl), (il)−1}}(pl){{(jl)−1, (kl)
(il)(kl)−1(il)−1}, {(kl), (il)−1}}(pl)−1}(ik)−1(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk)(jk)(pk)−1{{(jl)ε, (kl)−1(jl)−1}, {(kl), (jl)−1}{{(kl)−1, (jl)−1}, (il)−1
{(kl)−1, (jl)−1}{(jl), (kl)−1(jl)−1}{(kl), (jl)−1}(pl)}{(kl)−1, (jl)−1}{(jl)−1,
(kl)−1(jl)−1}{(kl), (jl)−1}(pl)−1}(jk)−1(ik)−1(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk)(jk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1, (pl)−1}, {(jl)−1, (kl)(pl)(kl)−1
(pl)−1}{(il)−1, (kl)(pl)(kl)−1(pl)−1}{(jl), (kl)(pl)(kl)−1(pl)−1}
{(pl), (kl)−1(pl)−1}}{(jl)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1, (kl)−1(pl)−1}}
(pk)−1(jk)−1(ik)−1(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk){{(jl)ε, (kl)}, {{(kl)−1, (jl)(kl)}, {(il)−1, {(jl), (kl)}{(kl), (jl)(kl)}(pl)}
{(kl)−1, (jl)(kl)}}{(jl)−1, (kl)}(pl)−1}(jk)(pk)−1(jk)−1(ik)−1
(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)}, {(jl), (pl)−1(kl)−1
(pl)(kl)}{(kl), (pl)(kl)}{{(il)−1, (pl)(kl)(pl)−1(kl)−1}, {(jl), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}{(pl), (kl)}}{{(kl)−1, (pl)(kl)}, {(jl), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}}}{{(jl), (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}}
{(pl)−1, (kl)}}{(ik)−1, (jk)(pk)(jk)−1(pk)−1}(pj)−1
≡ {{(jl)ε, (pl)−1}, (kl){(kl)−1, {(il)−1, (jl)(pl)(jl)−1(pl)−1}}}
{(ik)−1, (jk)(pk)(jk)−1(pk)−1}(pj)−1.
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3) q > j, p < i < j < q < k < l.
(pq)−1{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {{(jl)ε, (ql)(pl)(pl)−1(ql)−1}, (kl){(il), (ql)(pl)(ql)−1(pl)−1}(kl)−1
{(il)−1, (ql)(pl)(ql)−1(pl)−1}}{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1(qk)(pk)(qk)−1(pk)−1{(jl)ε, (ql)(pl)(ql)−1(pl)−1}(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1(qk)(pk)(qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1},
{(ql), (kl)(pl)(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}
{(pl)−1, (kl)−1(pl)−1}}(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1(qk)(pk){(jl)ε, {(ql), (kl)−1(ql)−1}{(kl), (ql)−1}
(pl){(kl)−1, (ql)−1}{(ql)−1, (kl)−1(ql)−1}(pl)−1}(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)},
{(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{(pl), (kl)}{(kl)−1, (pl)(kl)}
{(ql)−1, (pl)−1(kl)−1(pl)(kl)}{(pl)−1, (kl)}}(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)−1{(jl)ε, {(ql), (kl)}(pl){(ql)−1, (kl)}(pl)−1}
(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {{(ql), (kl)(il)(kl)−1(il)−1},
{(kl), (il)−1}}(pl){{(ql)−1, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}}(pl)−1}
(ik)−1(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1{(jl)ε, {(kl), (ql)−1}(il){(kl)−1, (ql)−1}(il)−1{(kl)−1, (ql)−1}
{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}(pl){(kl)−1, (ql)−1}{(ql)−1, (kl)−1(ql)−1}
{(kl), (ql)−1}(pl)−1}(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(il), (kl)(pl)(kl)−1(pl)−1},
{(ql), (kl)(pl)(kl)−1(pl)−1}{(kl)−1, (pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}}
{(il)−1, (kl)(pl)(kl)−1(pl)−1}{(ql), (kl)(pl)(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}
{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1, (kl)−1(pl)−1}}
(pk)−1(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){(jl)ε, {(il), {{(kl)−1, (ql)(kl)}, (pl)−1{(kl)−1, (ql)(kl)}{(ql)−1, (kl)}}}
(il)−1{(ql), (kl)}{(pl), {(kl)−1, (ql)(kl)}}{(ql)−1, (kl)}(pl)−1}
(qk)(pk)(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(il), (pl)−1(kl)−1(pl)(kl)}, {{(kl)−1, (pl)(kl)},
{(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{(pl)−1, (kl)}{(kl)−1, (pl)(kl)}
{(ql)−1, (pl)−1(kl)−1(pl)(kl)}}}{(il)−1, (pl)−1(kl)−1(pl)(kl)}{(ql), (pl)−1
(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{(pl), (kl)}{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1
(kl)−1(pl)(kl)}{(pl)−1, (kl)}}{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {{(jl)ε, (ql)(pl)(ql)−1(pl)−1}, (kl){(il), (ql)(pl)(ql)−1(pl)−1}(kl)−1
{(il)−1, (ql)(pl)(ql)−1(pl)−1}}{(ik)−1, (qk)(pk)(qk)−1(pk)−1}(pq)−1.
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(11) ∧ (12)
Letf = (pq)−1(ik) − {(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1, p < i < q < k, g = (ik)(jl)ε −
{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i < j < k < l. Then w = (pq)−1(ik)(jl)ε and
(f, g)w = (pq)
−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)− {(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε.
There are three cases to consider.
1) q < j, p < i < q < j < k < l.
(pq)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, {(kl)−1, {(il), (ql)(pl)(ql)−1(pl)−1}}(kl)}
{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1(ik){(jl)ε, (kl){(kl)−1, (ql)(kl)(pl)(kl)−1(ql)−1(kl)(pl)−1}}
(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}
{{(kl)−1, (il)(kl)}, {(ql), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}(pl)
{(kl)−1, (il)(kl)}{(ql)−1, (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}(pl)−1}}
(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1{{(jl)ε, (kl)(ql)(kl)−1(ql)−1}, {(kl), (ql)−1}{{(kl)−1, (ql)−1},
(il){(ql), (kl)−1(ql)−1}{(kl), (ql)−1}(pl){(kl)−1, (ql)−1}{(ql)−1, (kl)−1(ql)−1}
{(kl), (ql)−1}(pl)−1}}(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(kl), (pl)−1}{{(kl)−1, (pl)−1},
{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(il), (kl)(pl)(kl)−1(pl)−1}{(ql), (kl)(pl)
(kl)−1(pl)−1}{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}
{(pl)−1, (kl)−1(pl)−1}}}(pk)−1(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){{(jl)ε, (ql)−1(kl)−1(ql)(kl)}, {(kl), (ql)(kl)}{{(kl)−1, (ql)(kl)}, {(il),
{(ql), (kl)}{(kl), (ql)(kl)}(pl)}{(ql)−1, (kl)}(pl)−1}}
(qk)(pk)−1(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)}, {{(il), (pl)−1
(kl)−1(pl)(kl)}, {(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{(pl), (kl)}
{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1(pl)(kl)}}{(kl), (pl)(kl)}
{(pl)−1, (kl)}}}{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {(jl)ε, {(kl)−1, {(il), (ql)(pl)(ql)−1(pl)−1}}(kl)}
{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1.
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2) q = j, p < i < q = j < k < l.
(pq)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
= (pj)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {{(jl)ε, (pl)−1}, {(il)−1, (jl)(pl)(jl)−1(pl)−1}(kl)−1{(il), (jl)(pl)
(jl)−1(pl)−1}(kl)}{(ik), (jk)(pk)(jk)−1(pk)−1}(pj)−1 and
{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
= (pk)(jk)(pk)−1(jk)−1(ik)(jk)(pk)(jk)−1(pk)−1(pj)−1(jl)ε
≡ (pk)(jk)(pk)−1(jk)−1(ik){(jl)ε, (kl)(pl)−1{(kl)−1, (jl)(kl)}(pl){(jl)−1, (kl)}
(pl)−1}(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk)(jk)(pk)−1(jk)−1{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}(pl)−1
{{(kl)−1, (il)(kl)}, {(jl), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}}(pl){{(jl)−1, (il)−1
(kl)−1(il)(kl)}, {(kl), (il)(kl)}}(pl)−1}(ik)(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk)(jk)(pk)−1{{(jl)ε, (kl)−1(jl)−1}, {(kl), (jl)−1}{{(kl)−1, (jl)−1}, (il)
{(jl), (kl)−1(jl)−1}{(kl), (jl)−1}(pl)}{{(jl)−1, (kl)−1(jl)−1}{(kl), (jl)−1}}
(pl)−1}(jk)−1(ik)(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk)(jk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1, (pl)−1}, {(jl)−1, (kl)(pl)
(kl)−1(pl)−1}{(il), (kl)(pl)(kl)−1(pl)−1}{(jl), (kl)(pl)(kl)−1(pl)−1}
{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}}{(jl)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1,
(kl)−1(pl)−1}}(pk)−1(jk)−1(ik)(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ (pk){{(jl)ε, (kl)}, {{(kl)−1, (jl)(kl)}, {(il), {(jl), (kl)}{(kl), (jl)(kl)}(pl)}}
{(jl)−1, (kl)}(pl)−1}(jk)(pk)−1(jk)−1(ik)(jk)(pk)(jk)−1(pk)−1(pj)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(kl)−1, (pl)(kl)}, {(jl), (pl)−1(kl)−1(pl)(kl)}
{{(il), (pl)−1(kl)−1(pl)(kl)}, {(jl), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}
{(pl), (kl)}{(kl)−1, (pl)(kl)}}}{(jl)−1, (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}
{(pl)−1, (kl)}}{(ik), (jk)(pk)(jk)−1(pk)−1}(pj)−1
≡ {{(jl)ε, (pl)−1}, {(il)−1, (jl)(pl)(jl)−1(pl)−1}(kl)−1
{(il), (jl)(pl)(jl)−1(pl)−1}(kl)}{(ik), (jk)(pk)(jk)−1(pk)−1}(pj)−1.
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3) q > j, p < i < j < q < k < l.
(pq)−1{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, (il)−1(ql)(pl)(ql)−1(pl)−1{{(il), (ql)(pl)(ql)−1(pl)−1}, (kl)}}
{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1(ik){(jl)ε{(ql), (kl)}(pl)
{(ql)−1, (kl)}(pl)−1}(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {{(ql), (il)−1(kl)−1
(il)(kl)}, {(kl), (il)(kl)}}(pl){{(ql)−1, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}
(pl)−1}(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk)(pk)−1{(jl)ε, (il)−1{(kl)−1, (ql)−1}(il){(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}{{(ql)−1, (kl)−1(ql)−1}, {(kl), (ql)−1}(pl)−1}}
(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(il)−1, (kl)(pl)(kl)−1(pl)−1}
{{(kl)−1, (pl)−1}, {(ql)−1, (kl)(pl)(kl)−1(pl)−1}}{(il), (kl)(pl)(kl)−1(pl)−1}
{(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}{{(ql)−1, (kl)(pl)(kl)−1(pl)−1},
{(pl)−1, (kl)−1(pl)−1}}}(pk)−1(qk)−1(ik)(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){(jl)ε, {{(kl)−1, (ql)(kl)}, (pl)−1{(kl)−1, (ql)(kl)}{(ql)−1, (kl)}(il)}{(ql),
(kl)}{(kl), (ql)(kl)}{{(ql)−1, (kl)}, (pl)−1}}(qk)(pk)−1(qk)−1(ik)
(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(kl)−1, (pl)(kl)}, {{(pl)−1, (kl)},
{(kl)−1, (pl)(kl)}{(ql)−1, (pl)−1(kl)−1(pl)(kl)}}{(il), (pl)−1(kl)−1(pl)(kl)}}
{(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{{(ql)−1, (pl)−1(kl)−1(pl)(kl)},
{(kl), (pl)(kl)}{(pl)−1, (kl)}}}{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {(jl)ε, (il)−1(ql)(pl)(ql)−1(pl)−1(kl)−1{(il), (ql)(pl)(ql)−1(pl)−1}(kl)}
{(ik), (qk)(pk)(qk)−1(pk)−1}(pq)−1.
(11) ∧ (13)
Let f = (pq)−1(ik)δ − {(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1, g = (ik)δ(jl)ε − (jl)ε(ik)δ.
Then w = (pq)−1(ik)δ(jl)ε and
(f, g)w = (pq)
−1(jl)ε(ik)δ − {(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε.
There are two cases to consider.
1) p < i < q < k, j < i < k < l. In this case, there are three subcases to consider.
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a) p < j, p < j < i < q < k < l.
(pq)−1(jl)ε(ik)δ
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1}{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1 and
{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1(ik)δ(qk)(pk)(qk)−1(pk)−1{(jl)ε, (ql)(pl)
(ql)−1(pl)−1}(pq)−1
≡ (pk)(qk)(pk)−1(qk)−1(ik)δ{(jl)ε, {(ql), (kl)}(pl){(ql)−1, (kl)}(pl)−1}
(qk)(pk)(qk)−1(pk)−1.
If δ = 1, then
{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1{(jl)ε, {{(ql), (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}}
{{(ql)−1, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}(pl)−1}}(ik)δ(qk)(pk)(qk)−1(pk)−1
≡ (pk)(qk)(pk)−1{(jl)ε, {{(ql), (kl)−1(ql)−1}, {(kl), (ql)−1}}{(ql)−1, (kl)−1
(ql)−1}, {(kl), (ql)−1}(pl)−1}}(qk)−1(ik)δ(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk)(qk){{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}
{(pl), (kl)−1(pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1, (kl)−1(pl)−1}
(pk)−1(qk)−1(ik)δ(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ (pk){(jl)ε, {(pl), {(kl)−1, (ql)(kl)}{(ql)−1, (kl)}}(pl)−1}
{(ik)δ, (qk)(pk)(qk)−1}(pk)−1(pq)−1
≡ {{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(pl), (kl)}, {(kl)−1, (pl)(kl)}{(ql)−1,
(pl)−1(kl)−1(pl)(kl)}}{(pl)−1, (kl)}}{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1}{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1.
If δ = −1, then
{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (pk)(qk)(pk)−1(qk)−1{(jl)ε, {{(ql), (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}}
{(ql)−1, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}(pl)−1}}(ik)δ(qk)(pk)(qk)−1(pk)−1
≡ (pk)(qk)(pk)−1(qk)−1{(jl)ε, {(ql), (kl)}{(ql)−1, (kl)(pl)−1}}
(ik)δ(qk)(pk)(qk)−1(pk)−1(pq)−1
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1}{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1.
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b) p = j, p = j < i < q < k < l.
(pq)−1(jl)ε(ik)δ = (jq)−1(jl)ε(ik)δ
≡ {(jl)ε, (ql)−1(jl)−1}{(ik)δ, (qk)(jk)(qk)−1(jk)−1}(jq)−1 and
{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
= {(ik)δ, (qk)(jk)(qk)−1(jk)−1}(jq)−1(jl)ε
≡ (jk)(qk)(jk)−1(qk)−1(ik)δ(qk)(jk)(qk)−1(jk)−1{(jl)ε, (ql)−1(jl)−1}(jq)−1
≡ (jk)(qk)(jk)−1(qk)−1(ik)δ(qk)(jk)(qk)−1{{(jl)ε, (kl)−1(jl)−1},
{(ql)−1, (kl)(jl)(kl)−1(jl)−1}{(jl)−1, (kl)−1(jl)−1}}(jk)−1(jq)−1
≡ (jk)(qk)(jk)−1(qk)−1(ik)δ(qk)(jk){(jl)ε, {(kl)−1, (ql)−1}
{(ql)−1, (kl)−1(ql)−1}(jl)−1}(qk)−1(jk)−1(jq)−1
≡ (jk)(qk)(jk)−1(qk)−1(ik)δ(qk){{(jl)ε, (kl)}, {(kl)−1, (jl)(kl)}
{(ql)−1, (jl)−1(kl)−1(jl)(kl)}{(jl)−1, (kl)}}(jk)(qk)−1(jk)−1(jq)−1
≡ (jk)(qk)(jk)−1(qk)−1(ik)δ{(jl)ε, {(ql)−1, (kl)}(jl)−1}
(qk)(jk)(qk)−1(jk)−1(jq)−1.
If δ = 1, then
{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (jk)(qk)(jk)−1(qk)−1{(jl)ε, {(kl)−1, (il)(kl)}{(ql)−1, (il)−1(kl)−1(il)(kl)}
{(kl), (il)(kl)}(jl)−1}(ik)δ(qk)(jk)(qk)−1(jk)−1(jq)−1
≡ (jk)(qk)(jk)−1{(jl)ε, {(kl)−1, (ql)−1}{(ql)−1, (kl)−1(ql)−1}
{(kl), (ql)−1}(jl)−1}(qk)−1(ik)δ(qk)(jk)(qk)−1(jk)−1(jq)−1
≡ (jk)(qk){{(jl)ε, (kl)−1(jl)−1}, {(ql)−1, (kl)(jl)(kl)−1(jl)−1}
{(jl)−1, (kl)−1(jl)−1}}(jk)−1(qk)−1(ik)δ(qk)(jk)(qk)−1(jk)−1(jq)−1
≡ (jk){(jl)ε, {(kl)−1, (ql)(kl)}{(ql)−1, (kl)}(jl)−1}
(qk)(jk)−1(qk)−1(ik)δ(qk)(jk)(qk)−1(jk)−1(jq)−1
≡ {{(jl)ε, (kl)}, {(kl)−1, (jl)(kl)}{(ql)−1, (jl)−1(kl)−1(jl)(kl)}
{(jl)−1, (kl)}}{(ik)δ, (qk)(jk)(qk)−1(jk)−1}(jq)−1
≡ {(jl)ε, (ql)−1(jl)−1}{(ik)δ, (qk)(jk)(qk)−1(jk)−1}(jq)−1.
If δ = −1, then
{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (jk)(qk)(jk)−1(qk)−1{(jl)ε, {(kl)−1, (il)−1}{(ql)−1, (kl)(il)(kl)−1(il)−1}
{(kl), (il)−1}(jl)−1}(ik)δ(qk)(jk)(qk)−1(jk)−1(jq)−1
≡ (jk)(qk)(jk)−1(qk)−1{(jl)ε, (kl)−1(ql)−1(kl)(jl)−1}
(ik)δ(qk)(jk)(qk)−1(jk)−1(jq)−1
≡ {(jl)ε, (ql)−1(jl)−1}{(ik)δ, (qk)(jk)(qk)−1(jk)−1}(jq)−1.
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c) p > j, j < p < i < q < k < l.
(f, g)w ≡ (jl)
ε{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1
−(jl)ε{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ 0.
2) i < k < j < l, p < i < q < k, then p < i < q < k < j < l.
(f, g)w = (pq)
−1(jl)ε(ik)δ − {(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1(jl)ε
≡ (jl)ε(pq)−1(ik)δ − (jl)ε{(ik)δ, (qk)(pk)(qk)−1(pk)−1}(pq)−1
≡ 0.
(12) ∧ (7)
Let f = (pq)(jk)−1−{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq), p < j < q < k, g = (jk)−1(kl)ε−
{(kl)ε, (jl)−1}(jk)−1, j < k < l. Then p < j < q < k < l, w = (pq)(jk)−1(kl)ε and
(f, g)w = (pq){(kl)
ε, (jl)−1}(jk)−1 − {(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(kl)ε ≡ 0
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since
(pq){(kl)ε, (jl)−1}(jk)−1
≡ {(kl)ε, {(jl)−1, (pl)−1(ql)−1(pl)(ql)}}{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq) and
{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(kl)ε
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1(pk)(qk)(kl)ε(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1(pk){(kl)ε, (ql)(kl)}(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1{{(kl)ε, (pl)(kl)}, {(ql), (pl)−1
(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1{{(kl)ε, (ql)−1}, (pl){(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}}(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1{{(kl)ε, (pl)−1}, {{(pl), (kl)−1(pl)−1},
{(ql), (kl)(pl)(kl)−1(pl)−1}}{(kl), (ql)−1}}(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(kl)ε, (jl)−1}(pl)−1{(pl), {(kl)−1(jl)−1}
{(ql), (kl)(jl)(kl)−1(jl)−1}{(kl), (jl)−1}}}(jk)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(kl)ε, (pl)(kl)}, {(jl)−1, (pl)−1(kl)−1(pl)(kl)}
{(pl)−1, (kl)}{{(pl), (kl)}{{(ql), (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}}}}
(pk)(jk)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{{(kl)ε, (ql)(kl)}, (pl)(jl)−1(pl)−1{(pl), {(ql), (kl)}
{(kl), (ql)(kl)}}}(qk)(pk)(jk)−1(pk)−1(qk)−1(qk)(qk)(pq)
≡ (qk)−1{{(kl)ε, (pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}
{(pl), (kl)−1(pl)−1}{(jl)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1, (kl)−1(pl)−1}
{{(pl), (kl)−1(pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}}
(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ {{(kl)ε, (pl)−1}, {(jl)−1, {{(ql)−1, (kl)−1(ql)−1}, {(kl), (ql)−1}(pl)}}
{(kl)−1, (ql)−1}{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}}{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(kl)ε, {(jl)−1, (pl)−1(ql)−1(pl)(ql)}}{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq).
(12) ∧ (8)
Let f = (pq)(jk)−{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq), g = (jk)(kl)ε−{(kl)ε, (jl)(kl)}(jk), p <
j < q < k < l. Then w = (pq)(jk)(kl)ε and
(f, g)w = (pq){(kl)
ε, (jl)(kl)}(jk)− {(jk), (pk)−1(qk)−1(pk)(qk)}(pq)(kl)ε ≡ 0
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since
(pq){(kl)ε, (jl)(kl)}(jk)
≡ {(kl)ε, {jl), (pl)−1(ql)−1(pl)(ql)}(kl)}{(jk), (pk)−1(qk)−1(pk)(qk)}(pq) and
{(jk), (pk)−1(qk)−1(pk)(qk)}(pq)(kl)ε
≡ (qk)−1(pk)−1(qk)(pk)(jk){(kl)ε, (pl)−1{(pl), (kl)−1(ql)(kl)}}(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(kl)ε, (jl)(kl)}, (pl)−1{(pl), {(kl)−1, (jl)(kl)}
{(ql), (jl)−1(kl)−1(jl)(kl)}{(kl), (jl)(kl)}}}(jk)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(kl)ε, (pl)(kl)}, {(jl), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}{(pl)−1, (kl)}{{(pl), (kl)}, {(kl)−1, (pl)(kl)}{(ql), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}}}(pk)(kl)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{{(kl)ε, (pl)(kl)}, (pl)(jl)(pl)−1{(ql)−1, (kl)}(pl){(ql), (kl)}
{(kl), (ql)(kl)}}(qk)(pk)(jk)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{(kl)ε, (pl)−1}, {{(jl), (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}
{(kl)−1, (pl)−1}{(ql)−1, (kl)(pl)(kl)−1(pl)−1}}{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}
{(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}(pk)−1(qk)(pk)(jk)(pk)−1(qk)−1(pk)(qk)(pq)
≡ {{(kl)ε, (ql)−1}{(jl), (pl)−1{(kl)−1, (ql)−1}{(ql)−1, (kl)−1(ql)−1}
{(kl), (ql)−1}(pl)}{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}}{(jk), (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(kl)ε, {(jl), (pl)−1(ql)−1(pl)(ql)}(kl)}{(jk), (pk)−1(qk)−1(pk)(qk)}(pq).
(12) ∧ (9)
Let f = (pq)(jk)−1 − {(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq), g = (jk)−1(jl)ε − {(jl)ε, (kl)−1
(jl)−1}(jk)−1, p < j < q < k < l. Then w = (pq)(jk)−1(jl)ε and
(f, g)w = (pq){(jl)
ε, (kl)−1(jl)−1}(jk)−1 − {(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε ≡ 0
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since
(pq){(jl)ε, (kl)−1(jl)−1}(jk)−1
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)(kl)−1{(jl)−1, (pl)−1(ql)−1(pl)(ql)}}
{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq) and
{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1(pk)(qk){(jl)ε, (pl)−1(ql)−1(pl)(ql)}(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1(pk)
{(jl)ε, (pl)−1{(ql)−1, (kl)}(pl){(ql), (kl)}}(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1{{(jl)ε, (pl)−1(kl)−1(pl)(kl)},
{(pl)−1, (kl)}{{(ql)−1, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}}{(pl), (kl)}
{{(ql), (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}}}(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1(pk)−1{(jl)ε, (pl)−1{(pl), {(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}}}(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(jk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1
(pl)−1}{{(pl), (kl)−1(pl)−1}{(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}}
(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(jl)ε, (kl)−1(jl)−1}, (pl)−1{(pl), {(kl)−1, (jl)−1}
{(ql), (kl)(jl)(kl)−1(jl)−1}{(kl), (jl)−1}}}(jk)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl)−1, (pl)(kl)}
{(jl)−1, (pl)−1(kl)−1(pl)(kl)}{(pl)−1(kl)}{{(pl), (kl)}, {(kl)−1, (pl)(kl)}
{(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}}(pk)(jk)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{(jl)ε, (pl)−1{(kl)−1, (ql)(kl)}(pl)(jl)−1(pl)−1{(pl), {(ql), (kl)}
{(kl), (ql)(kl)}}}(qk)(pk)(jk)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}
{{(kl)−1, (pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}{(jl)−1, (kl)(pl)
(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}}{{(pl), (kl)−1(pl)−1}, {(ql), (kl)(pl)
(kl)−1(pl)−1}{(kl), (pl)−1}}}(pk)−1(qk)(pk)(jk)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ {(jl)ε, (pl)−1{(kl)−1, (ql)−1}, (pl)−1{(kl)−1, (ql)−1}
{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}}{(jl)−1, (pl)−1}{(pl), {(kl)−1, (ql)−1}
{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}}}{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)(kl)−1{(jl)−1, (pl)−1(ql)−1(pl)(ql)}}
{(jk)−1, (pk)−1(qk)−1(pk)(qk)}(pq).
(12) ∧ (10)
Let f = (pq)(jk)−{(jk), (pk)−1(qk)−1(pk)(qk)}(pq), g = (jk)(jl)ε−{(jl)ε, (kl)}(jk), p <
j < q < k < l. Then w = (pq)(jk)(jl)ε and
(f, g)w = (pq){(jl)
ε, (kl)}(jk)− {(jk), (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε ≡ 0
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since
(pq){(jl)ε, (kl)}(jk)
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)(kl)}{(jk), (pk)−1(qk)−1(pk)(qk)}(pq) and
{(jk), (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk)(jk){(jl)ε, (pl)−1{(pl), (kl)−1(ql)(kl)}}
(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(jl)ε, (kl)}, (pl)−1{(pl), {(kl)−1, (jl)(kl)}
{(ql), (jl)−1(kl)−1(jl)(kl)}{(kl), (jl)(kl)}}}(jk)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(jl)ε, (pl)−1(kl)−1(ql)(kl)}, {(kl), (pl)(kl)}
{(pl)−1, (kl)}{{(pl), (kl)}, {(kl)−1, (pl)(kl)}{(ql), (pl)−1(kl)−1(ql)(kl)}
{(kl), (pl)(kl)}}}(pk)(jk)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{(jl)ε, (pl)−1{(kl), (ql)(kl)}{(pl), {(ql), (kl)}{(kl), (ql)(kl)}}}
(qk)(pk)(jk)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(ql)−1, (kl)(pl)(kl)−1(pl)−1},
{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}}{(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}
(pk)−1(qk)(pk)(jk)(pk)−1(qk)−1(pk)(qk)(pq)
≡ {(jl)ε, {{(ql)−1, (kl)−1(ql)−1}, {(kl), (ql)−1}(pl)}{(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}}{(jk), (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)(kl)}{(jk), (pk)−1(qk)−1(pk)(qk)}(pq).
(12) ∧ (11)
Let f = (pq)(ik)−1−{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq), p < i < q < k, g = (ik)−1(jl)ε−
{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1, i < j < k < l. Then w = (pq)(ik)−1(jl)ε and
(f, g)w = (pq){(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − {(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε.
There are three cases to consider.
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1) q < j, p < i < q < j < k < l.
(pq){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {(jl)ε, (kl){(il), (pl)−1(ql)−1(pl)(ql)}(kl)−1{(il)−1, (pl)−1(ql)−1(pl)(ql)}}
{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq) and
{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε.
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1(pk)−1(qk)−1(pk)(qk)(jl)ε(pq)
≡ (qk)−1(pk)−1(pk)(qk)(ik)−1(pk)−1(qk)−1(pk){(jl)ε, (ql)−1(kl)−1(ql)(kl)}
(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1(pk)−1(qk)−1{{(jl)ε, (pl)−1(kl)−1(pl)(kl)},
{(ql)−1, (pl)−1(kl)−1(pl)(kl)}{(kl)−1, (pl)(kl)}{(ql), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}}(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1(pk)−1{{(jl)ε, (kl)(ql)(kl)−1(ql)−1}, {{(kl)−1,
(ql)−1}, (pl){(ql), (kl)−1(ql)−1}}{(kl), (ql)−1}}(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1, (pl)−1},
{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}{(ql), (kl)(pl)(kl)−1(pl)−1}}
{(kl), (pl)−1}}(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(jl)ε, (kl)(il)(kl)−1(il)−1}, {{(kl)−1, (il)−1},
{{(ql)−1, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}(pl)}{(kl)−1, (il)−1}{(ql), (kl)(il)
(kl)−1(il)−1}}{(kl), (il)−1}}(ik)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(kl)−1, (pl)(kl)}, {(il)−1,
(pl)−1(kl)−1(pl)(kl)}{{(ql)−1, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}
{(pl), (kl)}}{(kl)−1, (pl)(kl)}{(ql), (pl)−1(kl)−1(pl)(kl)}}{(kl), (pl)(kl)}}
(pk)(ik)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{{(jl)ε, (ql)−1(kl)−1(ql)(kl)}, {{(kl)−1, (ql)(kl)}, (pl)(il)−1
(pl)−1{(kl)−1, (ql)(kl)}{(ql)−1, (kl)}(pl){(ql), (kl)}}{(kl), (ql)(kl)}}
(qk)(pk)(ik)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1, (pl)−1}, {{(il)−1, (kl)(pl)
(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}{(kl)−1, (pl)−1}{(ql)−1, (kl)(pl)
(kl)−1(pl)−1}}{(pl), (kl)−1(pl)−1}{(ql), (kl)(pl)(kl)−1(pl)−1}}
{(kl), (pl)−1}}(pk)−1(qk)(pk)(ik)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ {{(jl)ε, (kl)(ql)(kl)−1(ql)−1}, {{(kl)−1, (ql)−1}, {(il)−1, (pl)−1
{(kl)−1, (ql)−1}{(ql)−1, (kl)−1(ql)−1}{(kl), (ql)−1}(pl){(kl)−1, (ql)−1}}
{(ql), (kl)−1(ql)−1}}{(kl), (ql)−1}}{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(jl)ε, (kl){(il), (pl)−1(ql)−1(pl)(ql)}(kl)−1{(il)−1, (pl)−1(ql)−1(pl)(ql)}}
{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq).
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2) q = j, p < i < q = j < k < l.
(pq){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
= (pj){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {{(jl)ε, (pl)(jl)}, (kl){(il), (pl)−1(jl)−1(pl)(jl)}(kl)−1{(il)−1, (pl)−1
(jl)−1(pl)(jl)}}{(ik)−1, (pk)−1(jk)−1(pk)(jk)}(pj) and
{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
= {(ik)−1, (pk)−1(jk)−1(pk)(jk)}(pj)(jl)ε
≡ (jk)−1(pk)−1(jk)(pk)(ik)−1(pk)−1(jk)−1(pk)(jk){(jl)ε, (pl)(jl)}(pj)
≡ (jk)−1(pk)−1(jk)(pk)(ik)−1(pk)−1(jk)−1(pk){{(jl)ε, (kl)}, (pl){(jl), (kl)}}
(jk)(pj)
≡ (jk)−1(pk)−1(jk)(pk)(ik)−1(pk)−1(jk)−1{{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl),
(pl)(kl)}{(pl), (kl)}{(kl)−1, (pl)(kl)}{(jl), (pl)−1(kl)−1(pl)(kl)}
{(kl), (pl)(kl)}}(pk)(jk)(pj)
≡ (jk)−1(pk)−1(jk)(pk)(ik)−1(pk)−1{{(jl)ε, (kl)−1(jl)−1},
(pl){(jl), (kl)−1(jl)−1}}(jk)−1(pk)(jk)(pj)
≡ (jk)−1(pk)−1(jk)(pk)(ik)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(pl), (kl)−1
(pl)−1}, {(jl), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}}(pk)−1(jk)−1(pk)(jk)(pj)
≡ (jk)−1(pk)−1(jk)(pk){{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(kl), (il)−1}(pl)
{(kl)−1, (il)−1}(pl)−1{(pl), {(kl)−1(il)−1}{(jl), (kl)(il)(kl)−1(il)−1}
{(kl), (il)−1}}}(ik)−1(pk)−1(jk)−1(pk)(jk)(pj)
≡ (jk)−1(pk)−1(jk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)},
{(il)−1, (pl)−1(kl)−1(pl)(kl)}{(pl)−1, (kl)}}{{(pl), (kl)}, {(kl)−1, (pl)(kl)}
{(jl), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}}(pk)(ik)−1(pk)−1(jk)−1(pk)(jk)(pj)
≡ (jk)−1(pk)−1{{(jl)ε, (kl)}, {(kl), (jl)(kl)}{{(kl)−1, (jl)(kl)}, (pl)(il)−1
(pl)−1}{(pl), (jl), (kl)}{(kl), (jl)(kl)}}}(jk)(pk)(ik)−1(pk)−1(jk)−1(pk)(jp)(pj)
≡ (jk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(kl), (pl)−1}{(jl), (kl)(pl)(kl)−1(pl)−1}
{(kl), (pl)−1}{{(kl)−1, (pl)−1}, {(jl), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}
{{(il)−1, (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}}}{{(pl), (kl)−1(pl)−1},
{(jl), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}}(pk)−1(jk)(pk)(ik)−1
(pk)−1(jk)−1(pk)(jk)(pj)
≡ {{(jl)ε, (kl)−1(jl)−1}, {(il), (pl)−1{(kl)−1, (jl)−1}{(jl)−1, (kl)−1(jl)−1}
{(kl), (jl)−1}(pl){(kl)−1, (jl)−1}(pl)−1{(kl)−1, (jl)−1}}{{(il)−1, (pl)−1
{(kl)−1, (jl)−1}{(jl)−1, (kl)−1(jl)−1}}{(kl), (jl)−1}(pl){(kl)−1, (jl)−1}
{(jl), (kl)−1(jl)−1}{(kl), (jl)−1}}{(ik)−1, (pk)−1(jk)−1(pk)(jk)}(pj)
≡ {{(jl)ε, (pl)(jl)}, (kl){(il), (pl)−1(jl)−1(pl)(jl)}(kl)−1{(il)−1, (pl)−1(jl)−1
(pl)(jl)}}{(ik)−1, (pk)−1(jk)−1(pk)(jk)}(pj).
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3) q > j, p < i < j < q < k < l.
(pq){(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1
≡ {{(jl)ε, (pl)−1(ql)−1(pl)(ql)}, (kl){(il), (pl)−1(ql)−1(pl)(ql)}(kl)−1
{(il)−1, (pl)−1(ql)−1(pl)(ql)}}{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq) and
{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1(pk)−1(qk)−1(pk)(qk){(jl)ε, (pl)−1(ql)−1(pl)(ql)}(pq)
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1(pk)−1(qk)−1(pk){(jl)ε, (pl)−1{(ql)−1, (kl)}(pl)
{(ql), (kl)}}(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1(pk)−1(qk)−1{{(jl)ε, (pl)−1(kl)−1(pl)(kl)},
{(pl)−1, (kl)}{{(ql)−1, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{(pl), (kl)}
{{(ql), (pl)−1(kl)−1(ql)(kl)}, {(kl), (pl)(kl)}}}(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1(pk)−1{(jl)ε, (pl)−1{(pl), {(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}}}(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk)(ik)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1
(pl)−1}{{(pl), (kl)−1(pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}}
(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(jl)ε, (kl)(il)(kl)−1(il)−1}, (pl)−1{(pl), {(kl)−1(il)−1}
{(ql), (kl)(il)(kl)−1(il)−1{(kl), (il)−1}}}(ik)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{(il), (pl)−1
(kl)−1(pl)(kl)}{(kl)−1, (pl)(kl)}{(il)−1, (pl)−1(kl)−1(pl)(kl)}{{(pl), (kl)},
{(kl)−1, (pl)(kl)}{(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}}
(pk)(ik)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{(jl)ε, (pl)−1{{(kl)−1, (ql)(kl)}, (pl)(il)−1(pl)−1{(kl)−1, (ql)(kl)}}
{(ql)−1, (kl)}(pl){(ql), (kl)}{(kl), (ql)(kl)}}(qk)(pk)(ik)−1
(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(il), (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1,
(pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}}}
{(il)−1, (kl)(pl)(kl)−1(pl)−1}{(pl)−1, (kl)−1(pl)−1}{(kl)−1, (pl)−1}
{(ql)−1, (kl)(pl)(kl)−1(pl)−1}{(pl), (kl)−1(pl)−1}{(ql), (kl)(pl)(kl)−1(pl)−1}
{(kl), (pl)−1}}(pk)−1(qk)(pk)(ik)−1(pk)−1(qk)−1(pk)(qk)(pq)
≡ {(jl)ε, {(il), {{(kl)−1, (ql)−1}, (pl)−1{{(ql), (kl)−1(ql)−1}, {(kl), (ql)−1}}
(pl)}}(il)−1{{(ql)−1, (kl)−1(ql)−1}, {(kl), (ql)−1}(pl)}
{{(ql), (kl)−1(ql)−1, {(kl), (ql)−1}}}{(ik)−1n, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {{(jl)ε, (pl)−1(ql)−1(pl)(ql)}, (kl){(il), (pl)−1(ql)−1(pl)(ql)}(kl)−1
{(il)−1, (pl)−1(ql)−1(pl)(ql)}}{(ik)−1, (pk)−1(qk)−1(pk)(qk)}(pq).
(12) ∧ (12)
Let f = (pq)(ik) − {(ik), (pk)−1(qk)−1(pk)(qk)}(pq), p < i < q < k, g = (ik)(jl)ε −
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{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik), i < j < k < l. Then w = (pq)(ik)(jl)ε and
(f, g)w = (pq){(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)− {(ik), (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε.
There are three cases to consider.
1) q < j, p < i < q < j < k < l.
(pq){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {(jl)ε, {(il)−1, (pl)−1(ql)−1(pl)(ql)}(kl)−1{(il), (pl)−1(ql)−1(pl)(ql)}(kl)}
{(ik), (pk)−1(qk)−1(pk)(qk)}(pq) and
{(ik), (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk)(ik){(jl)ε, {(kl)−1, {(ql)−1, (kl)(pl)}(kl)−1(ql)}(kl)}
(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(jl)ε, (il)−1(kl)−1(il)(kl)}, {{(kl)−1, (il)(kl)}, {{(ql)−1,
(il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}(pl)}{(kl)−1, (il)(kl)}{(ql), (il)−1(kl)−1
(il)(kl)}}{(kl), (il)(kl)}}(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(qk)(pk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(kl)−1, (pl)(kl)}, {(il), (pl)−1
(kl)−1(pl)(kl)}{{(ql)−1, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{(pl), (kl)}
{(kl)−1, (pl)(kl)}}{(ql), (pl)−1(kl)−1(pl)(kl)}}
{(kl), (pl)(kl)}}(qk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{{(jl)ε, (ql)−1(kl)−1(ql)(kl)}, {{(kl)−1, (ql)(kl)}, (pl)(il)(pl)−1
{(ql)−1, (kl)}(pl){(ql), (kl)}}{(kl), (ql)(kl)}}(qk)(pk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1,
(pl)−1}, {{(il), (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}{(kl)−1, (pl)−1}
{(ql)−1, (kl)(pl)(kl)−1(pl)−1}}{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}{(ql), (kl)(pl)
(kl)−1(pl)−1}}{(kl), (pl)−1}}(pk)−1(qk)(pk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ {{(jl)ε, (kl)(ql)(kl)−1(ql)−1}, {{(kl)−1, (ql)−1}, {(il)−1, (pl)−1
{(kl)−1, (ql)−1}{(ql)−1, (kl)−1(ql)−1}{(kl), (ql)−1}(pl)}{(kl)−1, (ql)−1}{(ql),
(kl)−1(ql)−1}}{(kl), (ql)−1}}{(ik), (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(jl)ε, {(il), (pl)−1(ql)−1(pl)(ql)}(kl)−1{(il)−1, (pl)−1(ql)−1(pl)(ql)}(kl)}
{(ik), (pk)−1(qk)−1(pk)(qk)}(pq).
2) q = j, p < i < q = j < k < l.
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(pq){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik) = (pj){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {{(jl)ε, (pl)(jl)}, {(il)−1, (pl)−1(jl)−1(pl)(jl)}(kl)−1{(il), (pl)−1
(jl)−1(pl)(jl)}(kl)}{(ik), (pk)−1(jk)−1(pk)(jk)}(pj) and
{(ik), (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε = {(ik), (pk)−1(jk)−1(pk)(jk)}(pj)(jl)ε
≡ (jk)−1(pk)−1(jk)(pk)(ik){(jl)ε, (kl)(pl)(kl)−1(pl)−1{(pl), (jl)(kl)}}
(pk)−1(jk)−1(pk)(jk)(pj)
≡ (jk)−1(pk)−1(jk)(pk){{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(kl), (il)(kl)}
(pl){(kl)−1(il)(kl)}(pl)−1{(pl), {(kl)−1, (il)(kl)}{(jl), (il)−1(kl)−1(il)(kl)}
{(kl), (il)(kl)}}}(ik)(pk)−1(jk)−1(pk)(jk)(pj)
≡ (jk)−1(pk)−1(jk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(kl), (pl)(kl)}{{(kl)−1, (pl)(kl)},
{(il), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}{(pl)−1, (kl)}}{{(pl), (kl)}, {(kl)−1, (pl)(kl)}
{(jl), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}}(ik)(pk)−1(jk)−1(pk)(jp)(pj)
≡ (jk)−1(pk)−1{{(jl)ε, (kl)}, {{(kl)−1, (jl)(kl)}, (pl)(il)(pl)−1}
{(pl), {(jl), (kl)}}{(kl), (jl)(kl)}}(jk)(pk)(ik)(pk)−1(jk)−1(pk)(jk)(pj)
≡ (jk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {(kl), (pl)−1}{{(kl)−1, (pl)−1},
{(jl), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}{{(il), (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1
(pl)−1}}}{(kl)−1, (pl)−1}{(jl)−1, (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}
{(pl), (kl)−1(pl)−1}{(jl), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}
(pk)−1(jk)(pk)(ik)(pk)−1(jk)−1(pk)(jk)(pj)
≡ {{(jl)ε, (kl)−1(jl)−1}, {(kl), (jl)−1}{{(kl), (jl)−1}, (pl)−1
{(kl)−1, (jl)−1}{(jl), (kl)−1(jl)−1}{(kl), (jl)−1}(pl)(il)(pl)−1}
{(kl)−1, (jl)−1}{(jl)−1, (kl)−1(jl)−1}{(kl), (jl)−1}(pl){(jl), (kl)−1(jl)−1}
{(kl), (jl)−1}{(ik), (pk)−1(jk)−1(pk)(jk)}(pj)
≡ {{(jl)ε, (pl)(jl)}, {(il)−1, (pl)−1(jl)−1(pl)(jl)}(kl)−1{(il), (pl)−1
(jl)−1(pl)(jl)}(kl)}{(ik), (pk)−1(jk)−1(pk)(jk)}(pj).
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3) q > j, p < i < j < q < k < l.
(pq){(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)
≡ {{(jl)ε, (pl)−1(ql)−1(pl)(ql)}, {(il)−1, (pl)−1(ql)−1(pl)(ql)}
(kl)−1{(il), (pl)−1(ql)−1(pl)(ql)}(kl)}{(ik), (pk)−1(qk)−1(pk)(qk)}(pq) and
{(ik), (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk)(ik){(jl)ε, (pl)−1{(pl), (kl)−1(ql)(kl)}}(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){{(jl)ε, (il)−1(kl)−1(il)(kl)}, (pl)−1{(pl), {(kl)−1, (il)
(kl)}{(ql), (il)−1(kl)−1(il)(kl)}{(kl), (il)(kl)}}}(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {{(kl)−1, (pl)(kl)}, {(il), (pl)−1
(kl)−1(pl)(kl)}}{(kl), (pl)(kl)}{(pl)−1, (kl)}{{(pl), (kl)}, {(kl)−1, (pl)(kl)}
{(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}}(pk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{(jl)ε, {{(kl)−1, (ql)(kl)}, (pl)(il)}(pl)−1{(pl), {(ql), (kl)}}
{(kl), (ql)(kl)}}(qk)(pk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{(jl)ε, (kl)(pl)(kl)−1(pl)−1}, {{(kl)−1, (pl)−1}, {(ql), (kl)(pl)
(kl)−1(pl)−1}{(kl), (pl)−1}{(pl), (kl)−1(pl)−1}{(il), (kl)(pl)(kl)−1(pl)−1}}
{{(ql)−1, (kl)(pl)(kl)−1(pl)−1}, {(kl), (pl)−1}{(pl), (kl)−1(pl)−1}}{(ql), (kl)(pl)
(kl)−1(pl)−1}{(kl), (pl)−1}}(pk)−1(qk)(pk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ {(jl)ε, {{(kl)−1, (ql)−1}, (pl)−1{(kl)−1, (ql)−1}{(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}(pl)(il)}{{(ql)−1, (kl)−1(ql)−1}{(kl), (ql)−1}(pl){(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}}{(ik), (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {{(jl)ε, (pl)−1(ql)−1(pl)(ql)}, {(il)−1, (pl)−1(ql)−1(pl)(ql)}
(kl)−1{(il), (pl)−1(ql)−1(pl)(ql)}(kl)}{(ik), (pk)−1(qk)−1(pk)(qk)}(pq).
(12) ∧ (13).
Let f = (pq)(ik)δ − {(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq), g = (ik)δ(jl)ε − (jl)ε(ik)δ. Then
w = (pq)(ik)δ(jl)ε and
(f, g)w = (pq)(jl)
ε(ik)δ − {(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε.
There are two cases to consider.
1) p < i < q < k, j < i < k < l. In this case, there are three subcases to consider.
a) p < j, p < j < i < q < k < l.
(pq)(jl)ε(ik)δ
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)}{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq) and
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk)(ik)δ{(jl)ε, (pl)−1{(pl), (kl)−1(ql)(kl)}}
(pk)−1(qk)−1(pk)(qk)(pq).
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If δ = 1, then
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk){(jl)ε, (pl)−1{(pl), {(kl)−1, (il)(kl)}{(ql), (il)−1(kl)−1
(il)(kl)}{(kl), (il)(kl)}}}(ik)δ(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){(jl)ε, (pl)−1{(pl), (kl)−1(ql)(kl)}}
{(ik)δ(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk){{(jl)ε, (pl)−1(kl)−1(pl)(kl)}, {(pl)−1, (kl)}{{(pl), (kl)},
{(kl)−1, (pl)(kl)}{(ql), (pl)−1(kl)−1(pl)(kl)}{(kl), (pl)(kl)}}}
(pk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1{(jl)ε, (pl)−1{(pl), {(ql), (kl)}{(kl), (ql)(kl)}}}
(qk)(pk)(ik)δ(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1{{jlε, (kl)(pl)(kl)−1(pl)−1}, {(pl)−1, (kl)−1(pl)−1}
{{(pl), (kl)−1(pl)−1}, {(ql), (kl)(pl)(kl)−1(pl)−1}{(kl), (pl)−1}}}
(pk)−1(qk)(pk)(ik)(pk)−1(qk)−1(pk)(qk)(pq)
≡ {(jl)ε, (pl)−1{(pl), {(kl)−1, (ql)−1}{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}}}
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)}{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq).
If δ = −1, then by using the result of the case of δ = 1, we have
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(pk)−1(qk)(pk){(jl)ε, (pl)−1{(pl), {(kl)−1, (il)−1}{(ql), (kl)(il)
(kl)−1(il)−1}{(kl), (il)−1}}}(ik)δ(pk)−1(qk)−1(pk)(qk)(pq)
≡ (qk)−1(pk)−1(qk)(pk){(jl)ε, (pl)−1{(pl), (kl)−1(ql)(kl)}}
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)}{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq).
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b) p = j, p = j < i < q < k < l.
(pq)(jl)ε(ik)δ = (jq)(jl)−1(ik)δ
≡ {(jl)ε, (ql)}{(ik)δ, (jk)−1(qk)−1(jk)(qk)}(jq) and
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
= {(ik)δ, (jk)−1(qk)−1(jk)(qk)}(jq)(jl)ε
≡ (qk)−1(jk)−1(qk)(jk)(ik)δ(jk)−1(qk)−1(jk)(qk){(jl)ε, (ql)}(jq)
≡ (qk)−1(jk)−1(qk)(jk)(ik)δ(jk)−1(qk)−1(jk){(jl)ε, {(ql), (kl)}}(qk)(jq)
≡ (qk)−1(jk)−1(qk)(jk)(ik)δ(jk)−1(qk)−1{{(jl)ε, (kl)},
{{(ql), (jl)−1(kl)−1(jl)(kl)}, {(kl), (jl)(kl)}}}(jk)(qk)(jq)
≡ (qk)−1(jk)−1(qk)(jk)(ik)δ(jk)−1{(jl)ε, {(ql), (kl)−1(ql)−1}
{(kl), (ql)−1}}(qk)−1(jk)(qk)(jq)
≡ (qk)−1(jk)−1(qk)(jk)(ik)δ{{(jl)ε, (kl)−1(jl)−1}, {(ql), (kl)(jl)
(kl)−1(jl)−1}{(kl), (jl)−1}}(jk)−1(qk)−1(jk)(qk)(jq)
≡ (qk)−1(jk)−1(qk)(jk)(ik)δ{(jl)ε, (kl)−1(ql)(kl)}(jk)−1(qk)−1(jk)(qk)(jq).
If δ = 1, then
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(jk)−1(qk)(jk){(jl)ε, {(kl)−1, (il)(kl)}{(ql), (il)−1(kl)−1(il)(kl)}
{(kl), (il)(kl)}}(ik)δ(jk)−1(qk)−1(jk)(qk)(jq)
≡ (qk)−1(jk)−1(qk)(jk){(jl)ε, (kl)−1(ql)(kl)}(ik)δjk)−1(qk)−1(jk)(qk)(jq)
≡ (qk)−1(jk)−1(qk){{(jl)ε, (kl)}, {(kl)−1, (jl)(kl)}{(ql), (jl)−1(kl)−1(jl)(kl)}
{(kl), (jl)(kl)}}(jk)(ik)δ(jk)−1(qk)−1(jk)(qk)(jq)
≡ (qk)−1(jk)−1{(jl)ε, {(ql), (kl)}{(kl), (ql)(kl)}}
(qk)(jk)(ik)δ(jk)−1(qk)−1(jk)(qk)(jq)
≡ (qk)−1{{(jl)ε, (kl)−1(jl)−1}, {(ql), (kl)(jl)(kl)−1(jl)−1}{(kl), (jl)−1}}
(jk)−1(qk)(jk)(ik)δ(jk)−1(qk)−1(jk)(qk)(jq)
≡ {(jl)ε, {(kl)−1, (ql)−1}{(ql), (kl)−1(ql)−1}{(kl), (ql)−1}}
{(ik)δ, (jk)−1(qk)−1(jk)(qk)}(jq)
≡ {(jl)ε, (ql)}{(ik)δ, (jk)−1(qk)−1(jk)(qk)}(jq).
If δ = −1, then by using the result of the case of δ = 1, we have
{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)(jl)ε
≡ (qk)−1(jk)−1(qk)(jk){(jl)ε, {(kl)−1, (il)−1}{(ql), (kl)(il)(kl)−1(il)−1}
{(kl), (il)−1}}(ik)δ(jk)−1(qk)−1(jk)(qk)(jq)
≡ (qk)−1(jk)−1(qk)(jk){(jl)ε, (kl)−1(ql)(kl)}(ik)δ(jk)−1(qk)−1(jk)(qk)(jq)
≡ {(jl)ε, (ql)}{(ik)δ, (jl)−1(qk)−1(jk)(qk)}(jq).
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c) p > j, j < p < i < q < k < l.
(f, g)w ≡ (jl)
ε{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)
−(jl)ε{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ 0.
2) i < k < j < l.
In this case, we have p < i < q < k < j < l and
(f, g)w ≡ (jl)
ε{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)
−(jl)ε{(ik)δ, (pk)−1(qk)−1(pk)(qk)}(pq)
≡ 0.
(13) ∧ (7)
Let f = (ip)δ(jk)−1 − (jk)−1(ip)δ, g = (jk)−1(kl)ε − {(kl)ε, (jl)−1}(jk)−1, j < i < p <
k < l or i < p < j < k < l. Then w = (ip)δ(jk)−1(kl)ε and
(f, g)w = (ip)
δ{(kl)ε, (jl)−1}(jk)−1 − (jk)−1(ip)δ(kl)ε
≡ {(kl)ε, (jl)−1}(jk)−1(ip)δ − (jk)−1(kl)ε(ip)δ
≡ 0.
(13) ∧ (8)
Let f = (ip)δ(jk) − (jk)(ip)δ, g = (jk)(kl)ε − {(kl)ε, (jl)(kl)}(jk), j < i < p < k <
l or i < p < j < k < l. Then w = (ip)δ(jk)(kl)ε and
(f, g)w = (ip)
δ{(kl)ε, (jl)(kl)}(jk)− (jk)(ip)δ(kl)ε
≡ {(kl)ε, (jl)(kl)}(jk)(ip)δ − (jk)(kl)ε(ip)δ
≡ 0.
(13) ∧ (9)
Let f = (ip)δ(jk)−1 − (jk)−1(ip)δ, g = (jk)−1(jl)ε − {(jl)ε, (kl)−1(jl)−1}(jk)−1, j < i <
p < k < l or i < p < j < k < l. Then w = (ip)δ(jk)−1(jl)ε and
(f, g)w = (ip)
δ{(jl)ε, (kl)−1(jl)−1}(jk)−1 − (jk)−1(ip)δ(jl)ε
≡ {(jl)ε, (kl)−1(jl)−1}(jk)−1(ip)δ − (jk)−1(jl)ε(ip)δ
≡ 0.
(13) ∧ (10)
Let f = (ip)δ(jk)− (jk)(ip)δ, g = (jk)(jl)ε − {(jl)ε, (kl)}(jk), j < i < p < k < l or i <
p < j < k < l. Then w = (ip)δ(jk)(jl)ε and
(f, g)w = (ip)
δ{(jl)ε, (kl)}(jk)− (jk)(ip)δ(jl)ε
≡ {(jl)ε, (kl)}(jk)(ip)δ − (jk)(jl)ε(ip)δ
≡ 0.
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(13) ∧ (11)
Let f = (pq)δ(ik)−1 − (ik)−1(pq)δ, g = (ik)−1(jl)ε − {(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1.
Then w = (pq)δ(ik)−1(jl)ε and
(f, g)w = (pq)
δ{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − (ik)−1(pq)δ(jl)ε.
There are two cases to consider.
1) i < p < q < k, i < j < k < l. In this case, there are five subcases to consider.
a) j < p, i < j < p < q < k < l.
(f, g)w ≡ {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1(pq)δ − (ik)−1(jl)ε(pq)δ ≡ 0.
b) j = p, i < j = p < q < k < l.
(f, g)w = (jq)
δ{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − (ik)−1(jq)δ(jl)ε.
If δ = 1, then
(f, g)w ≡ {{(jl)
ε, (ql)}, (kl)(il)(kl)−1(il)−1}(ik)−1(jq)δ
−(ik)−1{(jl)ε, (ql)}(jq)δ
≡ {(jl)ε, (ql)(kl)(il)(kl)−1(il)−1}(jq)δ(ik)−1
−{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(ql), (kl)(il)(kl)−1(il)−1}}(ik)−1(jq)δ
≡ 0.
If δ = −1, then
(f, g)w ≡ {{(jl)
ε, (ql)−1(jl)−1}, (kl)(il)(kl)−1(il)−1}(ik)−1(jq)δ
−(ik)−1{(jl)ε, (ql)−1(jl)−1}(jq)δ
≡ {(jl)ε, (ql)−1(jl)−1(kl)(il)(kl)−1(il)−1}(ik)−1(jq)δ
−{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(ql)−1, (kl)(il)(kl)−1(il)−1}
{(jl)−1, (kl)(il)(kl)−1(il)−1}}(ik)−1(jq)δ
≡ 0.
c) p < j < q, i < p < j < q < k < l.
If δ = 1, then
(f, g)w ≡ {{(jl)
ε, (pl)−1(ql)−1(pl)(ql)}, (kl)(il)(kl)−1(il)−1}(ik)−1(pq)δ
−(ik)−1{(jl)ε, (pl)−1(ql)−1(pl)(ql)}(pq)δ
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)(kl)(il)(kl)−1(il)−1}(ik)−1(pq)δ
−{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {{(ql)−1, (il)−1(kl)−1(il)(kl)},
{(pl), (il)−1(kl)−1(il)(kl)}}{(ql), (il)−1(kl)−1(il)(kl)}}(ik)−1(pq)δ
≡ 0.
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If δ = −1, then
(f, g)w ≡ {(jl)
ε, (ql)(pl)(ql)−1(pl)−1(kl)(il)(kl)−1(il)−1}(ik)−1(pq)δ
−(ik)−1{(jl)ε, (ql)(pl)(ql)−1(pl)−1}(pq)δ
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1(kl)(il)(kl)−1(il)−1}(ik)−1(pq)δ −
{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {{(pl), (kl)(il)(kl)−1(il)−1},
{(ql)−1, (kl)(il)(kl)−1(il)−1}}{(pl)−1, (kl)(il)(kl)−1(il)−1}}(ik)−1(pq)δ
≡ 0.
d) j = q, i < p < q = j < k < l.
(f, g)w = (pj)
δ{(jl)ε, (kl)(il)(kl)−1(il)−1}(ik)−1 − (ik)−1(pj)δ(jl)ε.
If δ = 1, then
(f, g)w ≡ {{(jl)
ε, (pl)(jl)}, (kl)(il)(kl)−1(il)−1}(ik)−1(pj)δ
−(ik)−1{(jl)ε, (pl)(jl)}(pj)δ
≡ (jl)ε, (pl)(jl)(kl)(il)(kl)−1(il)−1}(ik)−1(pj)δ −
{{(jl)ε, (kl)(il)(kl)−1(il)−1}, {(pl), (kl)(il)(kl)−1(il)−1}
{(jl), (kl)(il)(kl)−1(il)−1}}(ik)−1(pj)δ
≡ 0.
If δ = −1, then
(f, g)w ≡ {{(jl)
ε, (pl)−1}, (kl)(il)(kl)−1(il)−1}(ik)−1(pj)δ −
(ik)−1{(jl)ε, (pl)−1}(pj)δ
≡ {(jl)ε, (pl)−1(kl)(il)(kl)−1(il)−1}(ik)−1(pj)δ − {{(jl)ε, (kl)(il)
(kl)−1(il)−1}, {(pl)−1, (kl)(il)(kl)−1(il)−1}}(ik)−1(pj)δ
≡ 0.
e) j > q, i < p < q < j < k < l.
(f, g)w ≡ {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1(pq)δ − (ik)−1(jl)ε(pq)δ ≡ 0.
2) p < q < i < k, i < j < k < l, that is, p < q < i < j < k < l.
(f, g)w ≡ {(jl)
ε, (kl)(il)(kl)−1(il)−1}(ik)−1(pq)δ − (ik)−1(jl)ε(pq)δ ≡ 0.
(13) ∧ (12)
Let f = (pq)δ(ik) − (ik)(pq)δ, g = (ik)(jl)ε − {(jl)ε, (il)−1(kl)−1(il)(kl)}(ik). Then
w = (pq)δ(ik)(jl)ε and
(f, g)w = (pq)
δ{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)− (ik)(pq)δ(jl)ε.
There are two cases to consider.
1) i < p < q < k, i < j < k < l. In this case, there are five subcases to consider.
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a) j < p, i < j < p < q < k < l.
(f, g)w ≡ {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)(pq)δ − (ik)(jl)ε(pq)δ ≡ 0.
b) p = j, i < j = p < q < k < l.
(f, g)w ≡ (jq)
δ{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)− (ik)(jq)δ(jl)ε.
If δ = 1, then
(f, g)w ≡ {{(jl)
ε, (ql)}, (il)−1(kl)−1(il)(kl)}(ik)(jq)δ − (ik){(jl)ε, (ql)}(jq)δ
≡ {(jl)ε, (ql)(il)−1(kl)−1(il)(kl)}(ik)(jq)δ −
{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(ql), (il)−1(kl)−1(il)(kl)}}(ik)(jq)δ
≡ 0.
If δ = −1, then
(f, g)w ≡ {{(jl)
ε, (ql)−1(jl)−1}, (il)−1(kl)−1(il)(kl)}(ik)(jq)δ
−(ik){(jl)ε, (ql)−1(jl)−1}(jq)δ
≡ {(jl)ε, (ql)−1(jl)−1(il)−1(kl)−1(il)(kl)}(ik)(jq)δ
−{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(ql)−1, (il)−1(kl)−1(il)(kl)}
{(jl)−1, (il)−1(kl)−1(il)(kl)}}(ik)(jq)δ
≡ 0.
c) p < j < q, i < p < j < q < k < l.
If δ = 1, then
(f, g)w ≡ {{(jl)
ε, (pl)−1(ql)−1(pl)(ql)}, (il)−1(kl)−1(il)(kl)}(ik)(pq)δ
−(ik){(jl)ε, (pl)−1(ql)−1(pl)(ql)}(pq)δ
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)(il)−1(kl)−1(il)(kl)}(ik)(pq)δ −
{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(pl)−1, (il)−1(kl)−1(il)(kl)}
{{(pl), (il)−1(kl)−1(il)(kl)}, {(ql), (il)−1(kl)−1(il)(kl)}}}(ik)(pq)δ
≡ 0.
If δ = −1, then
(f, g)w ≡ {{(jl)
ε, (ql)(pl)(ql)−1(pl)−1}, (il)−1(kl)−1(il)(kl)}(ik)(pq)δ
−(ik){(jl)ε, (ql)(pl)(ql)−1(pl)−1}(pq)δ
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1(il)−1(kl)−1(il)(kl)}(ik)(pq)δ
−{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(ql)−1, (il)−1(kl)−1(il)(kl)}
{{(ql)−1, (il)−1(kl)−1(il)(kl)}, {(pl)−1, (il)−1(kl)−1(il)(kl)}}}(ik)(pq)δ
≡ 0.
d) j = q, i < p < q = j < k < l.
(f, g)w = (pj)
δ{(jl)ε, (il)−1(kl)−1(il)(kl)}(ik)− (ik)(pj)δ(jl)ε.
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If δ = 1, then
(f, g)w ≡ {{(jl)
ε, (pl)}, (il)−1(kl)−1(il)(kl)}(ik)(pj)δ
−(ik){(jl)ε, (pl)}(pj)δ
≡ {(jl)ε, (pl)(il)−1(kl)−1(il)(kl)}(ik)(pj)δ −
{{(jl)ε, (il)−1(kl)−1(il)(kl)}{(pl), (il)−1(kl)−1(il)(kl)}}(kl)(pj)δ
≡ 0.
If δ = −1, then
(f, g)w ≡ {(jl)
ε, (pl)−1(jl)−1(il)−1(kl)−1(il)(kl)}(ik)(pj)δ
−(ik){(jl)ε, (pl)−1(jl)−1}(pj)δ
≡ {(jl)ε, (pl)−1(jl)−1(il)−1(kl)−1(il)(kl)}(ik)(pj)δ
−{{(jl)ε, (il)−1(kl)−1(il)(kl)}, {(pl)−1, (il)−1(kl)−1(il)(kl)}
{(jl)−1, (il)−1(kl)−1(il)(kl)}}(ik)(pj)δ
≡ 0.
e) q > j, i < p < q < j < k < l.
(f, g)w ≡ {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)(pq)δ − (ik)(jl)ε(pq)δ ≡ 0.
2) p < q < i < k, i < j < k < l, that is, p < q < i < j < k < l.
(f, g)w ≡ {(jl)
ε, (il)−1(kl)−1(il)(kl)}(ik)(pq)δ − (ik)(jl)ε(pq)δ ≡ 0.
(13) ∧ (13)
Let f = (pq)γ(ik)δ − (ik)δ(pq)γ , g = (ik)δ(jl)ε − (jl)ε(ik)δ. Then w = (pq)γ(ik)δ(jl)ε and
(f, g)w = (pq)
γ(jl)ε(ik)δ − (ik)δ(pq)γ(jl)ε.
There are four cases to consider.
1) i < p < q < k, j < i < k < l, that is, j < i < p < q < k < l.
(f, g)w ≡ (jl)
ε(ik)δ(pq)γ − (ik)δ(jl)ε(pq)γ
≡ (jl)ε(ik)δ(pq)γ − (jl)ε(ik)δ(pq)γ
≡ 0.
2) i < p < q < k, i < k < j < l, that is, i < p < q < k < j < l.
(f, g)w ≡ (jl)
ε(ik)δ(pq)γ − (jl)ε(ik)δ(jl)ε ≡ 0.
3) p < q < i < k, j < i < k < l. In this case, there are five subcases to consider.
a) j < p, that is, j < p < q < i < k < l.
(f, g)w ≡ (jl)
ε(ik)δ(pq)γ − (jl)ε(ik)δ(pq)γ ≡ 0.
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b) j = p, that is, j = p < q < i < k < l.
(f, g)w = (jq)
γ(jl)ε(ik)δ − (ik)δ(jq)γ(jl)ε.
If γ = 1, then
(f, g)w ≡ {(jl)
ε, (ql)}(ik)δ(jq)γ − (ik)δ{(jl)ε, (ql)}(jq)γ
≡ {(jl)ε, (ql)}(ik)δ(jq)γ − {(jl)ε, (ql)}(ik)δ(jq)γ
≡ 0.
If γ = −1, then
(f, g)w ≡ {(jl)
ε, (ql)−1(jl)−1}(ik)δ(jq)γ − (ik)δ{(jl)ε, (ql)−1(jl)−1}(jq)γ
≡ {(jl)ε, (ql)−1(jl)−1}(ik)δ(jq)γ − {(jl)ε, (ql)−1(jl)−1}(ik)δ(jq)γ
≡ 0.
c) p < j < q, p < j < q < i < k < l.
If γ = 1, then
(f, g)w ≡ {(jl)
ε, (pl)−1(ql)−1(pl)(ql)}(ik)δ(pq)γ
−(ik)δ{(jl)ε, (pl)−1(ql)−1(pl)(ql)}(pq)γ
≡ {(jl)ε, (pl)−1(ql)−1(pl)(ql)}(ik)δ(pq)γ
−{(jl)ε, (pl)−1(ql)−1(pl)(ql)}(ik)δ(pq)γ
≡ 0.
Ifγ = −1, then
(f, g)w ≡ {(jl)
ε, (ql)(pl)(ql)−1(pl)−1}(ik)δ(pq)γ
−(ik)δ{(jl)ε, (ql)(pl)(ql)−1(pl)−1}(pq)γ
≡ {(jl)ε, (ql)(pl)(ql)−1(pl)−1}(ik)δ(pq)γ
−{(jl)ε, (ql)(pl)(ql)−1(pl)−1}(ik)δ(pq)γ
≡ 0.
d) j = q, that is, p < q = j < i < k < l.
(f, g)w = (pj)
γ(jl)ε(ik)δ − (ik)δ(pj)γ(jl)ε.
If γ = 1, then
(f, g)w ≡ {(jl)
ε, (pl)}(ik)δ(pj)γ − (ik)δ{(jl)ε, (pl)}(pj)γ
≡ {(jl)ε, (pl)}(ik)δ(pj)γ − {(jl)ε, (pl)}(ik)δ(pj)γ
≡ 0.
If γ = −1, then
(f, g)w ≡ {(jl)
ε, (pl)−1(jl)−1}(ik)δ(pj)γ − (ik)δ{(jl)ε, (pl)−1(jl)−1}(pj)γ
≡ {(jl)ε, (pl)−1(jl)−1}(ik)δ(pj)γ − {(jl)ε, (pl)−1(jl)−1}(ik)δ(pj)γ
≡ 0.
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e) j > q, that is, p < q < j < i < k < l.
(f, g)w ≡ (jl)
ε(ik)δ(pq)γ − (jl)ε(ik)δ(pq)γ ≡ 0.
4) p < q < i < k, that is, i < k < j < l, p < q < i < k < j < l.
(f, g)w ≡ (jl)
ε(ik)δ(pq)γ − (jl)ε(ik)δ(pq)γ ≡ 0.
(14) ∧ (1)
Let f = σ−1j σ
−1
k −σ
−1
k σ
−1
j , j < k−1, g = σ
−1
k (pq)
δ− (pq)δσ−1k , k 6= p, p−1, q, q−1. Then
w = σ−1j σ
−1
k (pq)
δ and
(f, g)w = σ
−1
j (pq)
δσ−1k − σ
−1
k σ
−1
j (pq)
δ ≡ (pq)δσ−1k σ
−1
j − (pq)
δσ−1k σ
−1
j ≡ 0.
(14) ∧ (2)
Let f = σ−1j σ
−1
k − σ
−1
k σ
−1
j , j < k − 1, g = σ
−1
k (k, k + 1)
δ − (k, k + 1)δσ−1k . Then w =
σ−1j σ
−1
k (k, k + 1)
δ and
(f, g)w = σ
−1
j (k, k+1)
δσ−1k −σ
−1
k σ
−1
j (k, k+1)
δ ≡ (k, k+1)δσ−1k σ
−1
j −(k, k+1)
δσ−1k σ
−1
j ≡ 0.
(14) ∧ (3)
Let f = σ−1j σ
−1
k − σ
−1
k σ
−1
j , j < k − 1, g = σ
−1
k (k + 1, q)
δ − (k, q)δσ−1k , k + 1 < q. Then
w = σ−1j σ
−1
k (k + 1, q)
δ and
(f, g)w = σ
−1
j (k, q)
δσ−1k − σ
−1
k σ
−1
j (k + 1, q)
δ ≡ (k, q)δσ−1k σ
−1
j − (k, q)
δσ−1k σ
−1
j ≡ 0.
(14) ∧ (4)
Let f = σ−1j σ
−1
k −σ
−1
k σ
−1
j , j < k− 1, g = σ
−1
k (kq)
δ−{(k+1, q)δ, (k, k+1)}σ−1k , i+1 < q.
Then w = σ−1j σ
−1
k (kq)
δ and
(f, g)w = σ
−1
j {(k + 1, q)
δ, (k, k + 1)}σ−1k − σ
−1
k σ
−1
j (kq)
δ
≡ {(k + 1, q)δ, (k, k + 1)}σ−1k σ
−1
j − {(k + 1, q)
δ, (k, k + 1)}σ−1k σ
−1
j
≡ 0.
(14) ∧ (5)
Let f = σ−1j σ
−1
k − σ
−1
k σ
−1
j , j < k − 1, g = σ
−1
k (q, k + 1)
δσ−1k − (q, k)
δσ−1k , q < k. Then
w = σ−1j σ
−1
k (q, k + 1)
δ and
(f, g)w = σ
−1
j (q, k)
δσ−1k − σ
−1
k σ
−1
j (q, k + 1)
δ.
There are four cases to consider.
1) q = k − 1, j < q.
(f, g)w = σ
−1
j (k − 1, k)
δσ−1k − σ
−1
k σ
−1
j (k − 1, k + 1)
δ.
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If j = k − 2, then
(f, g)w = σ
−1
k−2(k − 1, k)
δσ−1k − σ
−1
k σ
−1
k−2(k − 1, k + 1)
δ
≡ (k − 2, k)δσ−1k σ
−1
k−2 − σ
−1
k (k − 2, k + 1)
δσ−1k−2
≡ (k − 2, k)δσ−1k σ
−1
k−2 − (k − 2, k)
δσ−1k σ
−1
k−2
≡ 0.
If j < k − 2, then
(f, g)w = (k − 1, k)
δσ−1k σ
−1
j − σ
−1
k (k − 1, k + 1)
δσ−1j
≡ (k − 1, k)δσ−1k σ
−1
j − (k − 1, k)
δσ−1k σ
−1
j
≡ 0.
2) j < q < k − 1.
If j = q − 1 , then
(f, g)w = σ
−1
q−1(q, k)
δσ−1k − σ
−1
k σ
−1
q−1(q, k + 1)
δ
≡ (q − 1, k)δσ−1k σ
−1
q−1 − σ
−1
k (q − 1, k + 1)
δσ−1q−1
≡ (q − 1, k)δσ−1k σ
−1
q−1 − (q − 1, k)
δσ−1k σ
−1
q−1
≡ 0.
If j < q − 1, then
(f, g)w ≡ (q, k)
δσ−1k σ
−1
j − σ
−1
k (q, k + 1)
δσ−1j ≡ (q, k)
δσ−1k σ
−1
j − (q, k)
δσ−1k σ
−1
j ≡ 0.
3) q = j < k − 1.
(f, g)w = σ
−1
q (q, k)
δσ−1k − σ
−1
k σ
−1
q (q, k + 1)
δ,
≡ {(q + 1, k)δ, (q, q + 1)}σ−1k σ
−1
q − σ
−1
k {(q + 1, k + 1)
δ, (q, q + 1)}σ−1q
≡ {(q + 1, k)δ, (q, q + 1)}σ−1k σ
−1
q − {(q + 1, k)
δ, (q, q + 1)}σ−1k σ
−1
q
≡ 0.
4) q < j < k − 1.
(f, g)w ≡ (q, k)
δσ−1k σ
−1
j − σ
−1
k (q, k + 1)
δσ−1j ≡ (q, k)
δσ−1k σ
−1
j − (q, k)
δσ−1k σ
−1
j ≡ 0.
(14) ∧ (6)
Let f = σ−1j σ
−1
k − σ
−1
k σ
−1
j , j < k − 1, g = σ
−1
k (q, k)
δ − {(q, k + 1)δ, (k, k + 1)}σ−1k , q < k.
Then w = σ−1j σ
−1
k (q, k)
δ and
(f, g)w = σ
−1
j {(q, k + 1)
δ, (k, k + 1)}σ−1k − σ
−1
k σ
−1
j (q, k)
δ.
There are four cases to consider.
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1) j = q − 1 < k − 1.
(f, g)w = σ
−1
q−1{(q, k + 1)
δ, (k, k + 1)}σ−1k − σ
−1
k σ
−1
q−1(q, k)
δ
≡ {(q − 1, k + 1)δ, (k, k + 1)}σ−1k σ
−1
q−1 − σ
−1
k (q − 1, k)
δσ−1q−1
≡ {(q − 1, k + 1)δ, (k, k + 1)}σ−1k σ
−1
q−1 − {(q − 1, k + 1)
δ, (k, k + 1)}σ−1k σ
−1
q−1
≡ 0.
2) j < q − 1, q < k.
(f, g)w = {(q, k + 1)
δ, (k, k + 1)}σ−1k σ
−1
j − σ
−1
k (qk)
δσ−1j
≡ {(q, k + 1)δ, (k, k + 1)}σ−1k σ
−1
j − {(q, k + 1)
δ, (k, k + 1)}σ−1k σ
−1
j
≡ 0.
3) j = q < k − 1.
(f, g)w = σ
−1
q {(q, k + 1)
δ, (k, k + 1)}σ−1k − σ
−1
k σ
−1
q (q, k)
δ
≡ {{(q + 1, k + 1)δ, (q, q + 1)}, (k, k + 1)}σ−1k σ
−1
q
−σ−1k {(q + 1, k)
δ, (q, q + 1)}σ−1q
≡ {(q + 1, k + 1)δ, (q, q + 1)(k, k + 1)}σ−1k σ
−1
q
−{{(q + 1, k + 1)δ, (k, k + 1)}, (q, q + 1)}σ−1k σ
−1
q
≡ {(q + 1, k + 1)δ, (k, k + 1)(q, q + 1)}σ−1k σ
−1
q
−{(q + 1, k + 1)δ, (k, k + 1)}, (q, q + 1)}σ−1k σ
−1
q
≡ 0.
4) q < j < k − 1.
(f, g)w ≡ {(q, k + 1)
δ, (k, k + 1)}σ−1k σ
−1
j − σ
−1
k (q, k)
δσ−1j ≡ 0.
(14) ∧ (14)
Let f = σ−1j σ
−1
k − σ
−1
k σ
−1
j , g = σ
−1
k σ
−1
l − σ
−1
l σ
−1
k , j < k − 1 < k < l − 1 < l. Then
w = σ−1j σ
−1
k σ
−1
l and
(f, g)w = σ
−1
j σ
−1
l σ
−1
k − σ
−1
k σ
−1
j σ
−1
l ≡ σ
−1
l σ
−1
k σ
−1
j − σ
−1
l σ
−1
k σ
−1
j ≡ 0.
(14) ∧ (15)
Let f = σ−1q σ
−1
j − σ
−1
j σ
−1
q , q < j − 1, g = σ
−1
j σk,j+1 − σk,j+1σ
−1
j−1, k < j. Then w =
σ−1q σ
−1
j σk,j+1 and
(f, g)w = σ
−1
q σk,j+1σ
−1
j−1 − σ
−1
j σ
−1
q σk,j+1.
There are four cases to consider.
1) k < q < j − 1.
(f, g)w ≡ σ
−1
k · · ·σ
−1
j σ
−1
q−1σ
−1
j−1 − σ
−1
j σ
−1
k · · ·σ
−1
j σ
−1
q−1
≡ σ−1k · · ·σ
−1
j σ
−1
j−1σ
−1
q−1 − σ
−1
k · · ·σ
−1
j σ
−1
j−1σ
−1
q−1
≡ 0.
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2) q = k < j − 1.
(f, g)w = σ
−1
k σ
−1
k · · ·σ
−1
j σ
−1
j−1 − σ
−1
j σ
−1
k σ
−1
k · · ·σ
−1
j
≡ (k, k + 1)−1σ−1k+1 · · ·σ
−1
j σ
−1
j−1 − σ
−1
j (k, k + 1)
−1σ−1k+1 · · ·σ
−1
j
≡ (k, k + 1)−1σ−1k+1 · · ·σ
−1
j σ
−1
j−1 − (k, k + 1)
−1σ−1j σ
−1
k+1 · · ·σ
−1
j
≡ (k, k + 1)−1σ−1k+1 · · ·σ
−1
j σ
−1
j−1 − (k, k + 1)
−1σ−1k+1 · · ·σ
−1
j σ
−1
j−1
≡ 0.
3) q = k − 1 < j − 1.
(f, g)w = σ
−1
k−1σ
−1
k · · ·σ
−1
j σ
−1
j−1 − σ
−1
j σ
−1
k−1σ
−1
k · · ·σ
−1
j
≡ σ−1k−1σ
−1
k · · ·σ
−1
j σ
−1
j−1 − σ
−1
k−1σ
−1
k · · ·σ
−1
j σ
−1
j−1
≡ 0.
4) q < k − 1 < j − 1.
(f, g)w ≡ σ
−1
k · · ·σ
−1
j σ
−1
j−1σ
−1
q − σ
−1
j σ
−1
k · · ·σ
−1
j σ
−1
q
≡ σ−1k · · ·σ
−1
j σ
−1
j−1σ
−1
q − σ
−1
k · · ·σ
−1
j σ
−1
j−1σ
−1
q
≡ 0.
(14) ∧ (16)
Let f = σ−1j σ
−1
k − σ
−1
k σ
−1
j , j < k − 1, g = σ
−1
k σ
−1
k − (k, k + 1)
−1. Then w = σ−1j σ
−1
k σ
−1
k
and
(f, g)w = σ
−1
j (k, k + 1)
−1 − σ−1k σ
−1
j σ
−1
k
≡ (k, k + 1)−1σ−1j − σ
−1
k σ
−1
k σ
−1
j
≡ (k, k + 1)−1σ−1j − (k, k + 1)
−1σ−1j
≡ 0.
(15) ∧ (1)
Let f = σ−1j σ
−1
k · · ·σ
−1
j −σ
−1
k · · ·σ
−1
j σ
−1
j−1, g = σ
−1
j (pq)
δ−(pq)δσ−1j , k < j, j 6= p, p−1, q, q−
1. Then w = σ−1j σ
−1
k · · ·σ
−1
j (pq)
δ and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1(pq)
δσ−1j − σ
−1
k · · ·σ
−1
j σ
−1
j−1(pq)
δ.
There are four cases to consider.
1) p > j + 1.
(f, g)w ≡ (pq)
δσ−1j σ
−1
k · · ·σ
−1
j−1σ
−1
j − (pq)
δσ−1k · · ·σ
−1
j σ
−1
j−1
≡ (pq)δσ−1k · · ·σ
−1
j σ
−1
j−1 − (pq)
δσ−1k · · ·σ
−1
j σ
−1
j−1
≡ 0.
2) p = j − 1.
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In this case, we have q > j + 1 and
σ−1j σ
−1
k · · ·σ
−1
j−1(j − 1, q)
δσ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2{(j, q)
δ, (j − 1, j)}σ−1j−1σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2(j − 1, q)(jq)
δ(j − 1, q)−1σ−1j−1σ
−1
j
≡ σ−1j (kq)(jq)
δ(kq)−1σ−1k · · ·σ
−1
j
≡ (kq){(j + 1, q)δ, (j, j + 1)}(kq)−1σ−1k · · ·σ
−1
j σ
−1
j−1
≡ (kq)(jq)(j + 1, q)δ(jq)−1(kq)−1σ−1k · · ·σ
−1
j σ
−1
j−1, and
σ−1k · · ·σ
−1
j σ
−1
j−1(j − 1, q)
δ
≡ σ−1k · · ·σ
−1
j {(jq)
δ, (j − 1, j)}σ−1j−1
≡ σ−1k · · ·σ
−1
j (j − 1, q)(jq)
δ(j − 1, q)−1σ−1j−1
≡ σ−1k · · ·σ
−1
j−1(j − 1, q)(jq)(j + 1, q)
δ(j − 1, q)−1σ−1j σ
−1
j−1
≡ (kq)(jq)(kq)−1(kq)(j + i, q)δ(kq)−1(kq)(jq)−1(kq)−1σ−1k · · ·σ
−1
j σ
−1
j−1
≡ (kq)(jq)(j + 1, q)δ(jq)−1(kq)−1σ−1k · · ·σ
−1
j σ
−1
j−1.
3) k ≤ p < j − 1. In this case, there are three subcases to consider.
a) q = j − 1.
σ−1j σ
−1
k · · ·σ
−1
j−1(pq)
δσ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2{(pj)
δ, (j − 1, j)}σ−1j−1σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p {(pj)
δ, (p+ 1, j)}σ−1p+1 · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p−1{(p+ 1, j)
δ, (p, p+ 1)(pj)}σ−1p · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p−1(p+ 1, j)
δσ−1p · · ·σ
−1
j
≡ {(p+ 1, j + 1)δ, (j, j + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1 and
σ−1k · · ·σ
−1
j σ
−1
j−1(pq)
δ
≡ σ−1k · · ·σ
−1
j {(pj)
δ, (j − 1, j)}σ−1j−1
≡ σ−1k · · ·σ
−1
j−1{{(p, j + 1)
δ, (j, j + 1)}, {(j − 1, j + 1), (j, j + 1)}}σ−1j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−1{(p, j + 1)
δ, (j − 1, j + 1)(j, j + 1)}σ−1j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2{(p, j + 1)
δ, {(j, j + 1), (j − 1, j + 1)}(j − 1, j + 1)}σ−1j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2{(p, j + 1)
δ, (j − 1, j + 1)−1(j, j + 1)}σ−1j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
p {(p, j + 1)
δ, (p+ 1, j + 1)−1(j, j + 1)}σ−1p+1 · · ·σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
p−1{(p+ 1, j + 1)
δ, (p, p+ 1)(p, j + 1)−1(j, j + 1)}σ−1p · · ·σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
p−1(j, j + 1)
−1(p+ 1, j + 1)δ(j, j + 1)σ−1p · · ·σ
−1
j σ
−1
j−1
≡ {(p+ 1, j + 1)δ, (j, j + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1.
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b) q > j + 1.
σ−1j σ
−1
k · · ·σ
−1
j−1(pq)
δσ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
p (pq)
δσ−1p+1 · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p−1{(p+ 1, q)
δ, (p, p+ 1)}σ−1p · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p−1(pq)
−1(p+ 1, q)δ(pq)σ−1p · · ·σ
−1
j
≡ σ−1j (kq)
−1(p+ 1, q)δ(kq)σ−1k · · ·σ
−1
j
≡ (kq)−1(p+ 1, q)δ(kq)σ−1k · · ·σ
−1
j σ
−1
j−1 and
σ−1k · · ·σ
−1
j σ
−1
j−1(pq)
δ
≡ σ−1k · · ·σ
−1
j (pq)
δσ−1j−1
≡ σ−1k · · ·σ
−1
p (pq)
δσ−1j σ
−1
j−1
≡ σ−1kq (p+ 1, q)
δ(kq)σ−1k · · ·σ
−1
j σ
−1
j−1.
c) q < j − 1.
In this case, we have k 6 p < q < j − 1 and
σ−1j σ
−1
k · · ·σ
−1
j−1(pq)
δσ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
q (pq)
δσ−1q+1 · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
q−1{(p, q + 1)
δ, (q, q + 1)}σ−1q · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p {(p, q + 1)
δ, (p+ 1, q + 1)}σ−1p+1 · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p−1{(p+ 1, q + 1)
δ, (p, p+ 1)(q, q + 1)}σ−1p · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
p−1(p+ 1, q + 1)
δσ−1p · · ·σ
−1
j
≡ σ−1j (p+ 1, q + 1)
δσ−1k · · ·σ
−1
j
≡ (p+ 1, q + 1)δσ−1k · · ·σ
−1
j σ
−1
j−1, and
σ−1k · · ·σ
−1
j σ
−1
j−1(pq)
δ
≡ σ−1k · · ·σ
−1
j (pq)
δσ−1j−1
≡ σ−1k · · ·σ
−1
q (pq)
δσ−1q+1 · · ·σ
−1
j σ
−1
j−1
≡ (p+ 1, q + 1)δσ−1k · · ·σ
−1
j σ
−1
j−1.
4) p < k. In this case, there are three subcases to consider.
a) q > j + 1, p < k < j < j + 1 < q.
σ−1j σ
−1
k · · ·σ
−1
j−1(pq)
δσ−1j ≡ σ
−1
j (pq)
δσ−1k · · ·σ
−1
j ≡ (pq)
δσ−1k · · ·σ
−1
j σ
−1
j−1
and σ−1k · · ·σ
−1
j σ
−1
j−1(pq)
δ ≡ (pq)δσ−1k · · ·σ
−1
j σ
−1
j−1.
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b) k 6 q 6 j − 1 < j.
σ−1j σ
−1
k · · ·σ
−1
j−1(pq)
δσ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
q (pq)
δσ−1q+1 · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
q−1{(p, q + 1)
δ, (q, q + 1)}σ−1q · · ·σ
−1
j
≡ σ−1j {(p, q + 1)
δ, (k, q + 1)}σ−1k · · ·σ
−1
j
≡
{
{(p, j + 1)δ, (k, j + 1)(j, j + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1 if q + 1 = j,
{(p, q + 1)δ, (k, q + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1 if q + 1 < j.
If q + 1 = j, then
σ−1k · · ·σ
−1
j σ
−1
j−1(pq)
δ
≡ σ−1k · · ·σ
−1
j {(p, j)
δ, (j − 1, j)}σ−1j−1
≡ σ−1k · · ·σ
−1
j−1{{(p, j + 1)
δ, (j, j + 1)}, {(j − 1, j + 1), (j, j + 1)}}σ−1j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−1{(p, j + 1)
δ, (j − 1, j + 1)(j, j + 1)}σ−1j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2{(p, j + 1)
δ, {(j, j + 1), (j − 1, j)}(j − 1, j + 1)}σ−1j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2{(p, j + 1)
δ, (j − 1, j + 1)(j, j + 1)}σ−1j−1σ
−1
j σ
−1
j−1
≡ {(p, j + 1)δ, (k, j + 1)(j, j + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1.
If q + 1 < j, then
σ−1k · · ·σ
−1
j σ
−1
j−1(pq)
δ ≡ σ−1k · · ·σ
−1
j (pq)
δσ−1j−1
≡ σ−1k · · ·σ
−1
q (pq)
δσ−1q+1 · · ·σ
−1
j σ
−1
j−1
≡ {(p, q + 1)δ, (k, q + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1.
c) q < k, p < q < k < j.
σ−1j σ
−1
k · · ·σ
−1
j−1(pq)
δσ−1j ≡ σ
−1
j (pq)
δσ−1k · · ·σ
−1
j ≡ (pq)
δσ−1k · · ·σ
−1
j σ
−1
j−1
and σ−1k · · ·σ
−1
j σ
−1
j−1(pq)
δ ≡ (pq)δσ−1k · · ·σ
−1
j σ
−1
j−1.
(15) ∧ (2)
Let f = σ−1j σ
−1
k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j (j, j + 1)
δ − (j, j + 1)δσ−1j . Then
w = σ−1j σ
−1
k · · ·σ
−1
j (j, j + 1)
δ and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1(j, j + 1)
δσ−1j − σ
−1
k · · ·σ
−1
j σ
−1
j−1(j, j + 1)
δ
≡ σ−1j (k, k + 1)
δσ−1k · · ·σ
−1
j−1σ
−1
j − σ
−1
k · · ·σ
−1
j (j − 1, j + 1)
δσ−1j−1
≡ (k, j)δσ−1k · · ·σ
−1
j σ
−1
j−1 − (k, j)
δσ−1k · · ·σ
−1
j σ
−1
j−1
≡ 0.
(15) ∧ (3)
Let f = σ−1j σ
−1
k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j (j + 1, q)
δ − (jq)δσ−1j , j + 1 < q.
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Then w = σ−1j σ
−1
k · · ·σ
−1
j (j + 1, q)
δ and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1(j, q)
δσ−1j − σ
−1
k · · ·σ
−1
j σ
−1
j−1(j + 1, q)
δ
≡ σ−1j (kq)
δσ−1k · · ·σ
−1
j−1σ
−1
j − σ
−1
k · · ·σ
−1
j (j + 1, q)
δσ−1j−1
≡ (kq)δσ−1k · · ·σ
−1
j σ
−1
j−1 − (kq)
δσ−1k · · ·σ
−1
j σ
−1
j−1
≡ 0.
(15) ∧ (4)
Let f = σ−1j σ
−1
k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j (jq)
δ − {(j + 1, q)δ, (j, j +
1)}σ−1j , j + 1 < q. Then w = σ
−1
j σ
−1
k · · ·σ
−1
j (jq)
δ and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1{(j + 1, q)
δ, (j, j + 1)}σ−1j − σ
−1
k · · ·σ
−1
j σ
−1
j−1(jq)
δ
≡ σ−1j {(j + 1, q)
δ, (k, j + 1)}σ−1k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j (j − 1, q)
δσ−1j−1
≡ {(jq)δ, (kj)}σ−1k · · ·σ
−1
j σ
−1
j−1 − σ
−1
k · · ·σ
−1
j−1(j − 1, q)
δσ−1j σ
−1
j−1
≡ {(jq)δ, (kj)}σ−1k · · ·σ
−1
j σ
−1
j−1 − {(jq)
δ, (kj)}σ−1k · · ·σ
−1
j σ
−1
j−1
≡ 0.
(15) ∧ (5)
Let f = σ−1j σ
−1
k · · ·σ
−1
j −σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j (i, j+1)
δ− (ij)δσ−1j , i < j. Then
w = σ−1j σ
−1
k · · ·σ
−1
j (i, j + 1)
δ and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1(ij)
δσ−1j − σ
−1
k · · ·σ
−1
j σ
−1
j−1(i, j + 1)
δ.
There are two cases to consider.
1) k 6 i < j.
If i = j − 1, then
σ−1j σ
−1
k · · ·σ
−1
j−1(ij)
δσ−1j = σ
−1
j σ
−1
k · · ·σ
−1
j−1(j − 1, j)
δσ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2(j − 1, j)
δσ−1j−1σ
−1
j
≡ σ−1j (kj)
δσ−1k · · ·σ
−1
j
≡ {(k, j + 1)δ, (j, j + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1 and
σ−1k · · ·σ
−1
j σ
−1
j−1(j − 1, j + 1)
δ
≡ σ−1k · · ·σ
−1
j {(j, j + 1)
δ, (j − 1, j)}σ−1j−1
≡ σ−1k · · ·σ
−1
j (j − 1, j + 1)(j, j + 1)
δ(j − 1, j + 1)−1σ−1j−1
≡ σ−1k · · ·σ
−1
j−1(j − 1, j)(j, j + 1)
δ(j − 1, j)−1σ−1j σ
−1
j−1
≡ (kj)(k, j + 1)δ(kj)−1σ−1k · · ·σ
−1
j σ
−1
j−1
≡ {(k, j + 1)δ, (j, j + 1)}σ−1k · · ·σ
−1
j σ
−1
j−1.
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If i < j − 1, then
σ−1j σ
−1
k · · ·σ
−1
j−1(ij)
δσ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
i (i, i+ 1)
δσ−1i+1 · · ·σ
−1
j
≡ σ−1j (k, i+ 1)
δσ−1k · · ·σ
−1
j
≡ (k, i+ 1)δσ−1k · · ·σ
−1
j σ
−1
j−1 and
σ−1k · · ·σ
−1
j σ
−1
j−1(i, j + 1)
δ
≡ σ−1k · · ·σ
−1
j (i, j + 1)
δσ−1j−1
≡ σ−1k · · ·σ
−1
i (i, i+ 1)
δσ−1i+1 · · ·σ
−1
j σ
−1
j−1
≡ (k.i+ 1)δσ−1k · · ·σ
−1
j σ
−1
j−1.
2) i < k < j. We have
σ−1j σ
−1
k · · ·σ
−1
j−1(ij)
δσ−1j ≡ σ
−1
j (ik)
δσ−1k · · ·σ
−1
j ≡ (ik)
δσ−1k · · ·σ
−1
j σ
−1
j−1
and
σ−1k · · ·σ
−1
j σ
−1
j−1(i, j + 1)
δ ≡ σ−1k · · ·σ
−1
j (i, j + 1)
δσ−1j−1 ≡ (ik)
δσ−1k · · ·σ
−1
j σ
−1
j−1.
(15) ∧ (6)
Let f = σ−1j σ
−1
k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j (ij)
δ − {(i, j + 1)δ, (j, j +
1)}σ−1j , i < j. Then w = σ
−1
j σ
−1
k · · ·σ
−1
j (ij)
δ and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1{(i, j + 1)
δ, (j, j + 1)}σ−1j − σ
−1
k · · ·σ
−1
j σ
−1
j−1(ij)
δ.
There are two cases to consider.
1) k 6 i < j.
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If i = j − 1, then
σ−1j σ
−1
k · · ·σ
−1
j−1{(i, j + 1)
δ, (j, j + 1)}σ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2{{(j, j + 1)
δ, (j − 1, j)}, (j − 1, j + 1)}σ−1j−1σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2(j − 1, j + 1)
−1(j − 1, j)−1(j, j + 1)δ
(j − 1, j)(j − 1, j + 1)σ−1j−1σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2(j − 1, j + 1)
−1{(j, j + 1)δ, (j − 1, j + 1−1)}
(j − 1, j + 1)σ−1j−1σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
j−2(j, j + 1)
δσ−1j−1σ
−1
j
≡ σ−1j (j, j + 1)
δσ−1k · · ·σ
−1
j
≡ (j, j + 1)δσ−1k · · ·σ
−1
j σ
−1
j−1 and
σ−1k · · ·σ
−1
j σ
−1
j−1(j − 1, j)
δ
≡ σ−1k · · ·σ
−1
j (j − 1, j)
δσ−1j−1
≡ σ−1k · · ·σ
−1
j−1{(j − 1, j + 1)
δ, (j, j + 1)}σ−1j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2{{(j, j + 1)
δ, (j − 1, j)}, (j − 1, j + 1)}σ−1j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2(j − 1, j + 1)
−1(j − 1, j)−1(j, j + 1)δ(j − 1, j)(j − 1, j + 1)
σ−1j−1σ
−1
j σ
−1
j−1
≡ (j, j + 1)δσ−1k · · ·σ
−1
j σ
−1
j−1.
If i < j − 1, then
σ−1j σ
−1
k · · ·σ
−1
j−1{(i, j + 1)
δ, (j, j + 1)}σ−1j
≡ σ−1j σ
−1
k · · ·σ
−1
i {(i, j + 1)
δ, (i+ 1, j + 1)}σ−1i+1 · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
i−1{{(i+ 1, j + 1)
δ, (i, i+ 1)}, (i, j + 1)}σ−1i · · ·σ
−1
j
≡ σ−1j σ
−1
k · · ·σ
−1
i−1(i+ 1, j + 1)
δσ−1i · · ·σ
−1
j
≡ σ−1j (i+ 1, j + 1)
δσ−1k · · ·σ
−1
j
≡ (i+ 1, j)δσ−1k · · ·σ
−1
j σ
−1
j−1 and
σ−1k · · ·σ
−1
j σ
−1
j−1(ij)
δ
≡ σ−1k · · ·σ
−1
j (i, j − 1)
δσ−1j−1
≡ σ−1k · · ·σ
−1
j−1(i, j − 1)
δσ−1j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2{(ij)
δ, (j − 1, j)}σ−1j−1σ
−1
j σ
−1
j−1.
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If i = j − 2 , then
σ−1k · · ·σ
−1
j−2{(ij)
δ, (j − 1, j)}σ−1j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−3{{(j − 1, j)
δ, (j − 2, j − 1)}, (j − 2, j)}σ−1j−2σ
−1
j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−3(j − 2, j)
−1(j − 2, j − 1)−1(j − 1, j)δ(j − 2, j − 1)(j − 2, j)
σ−1j−2σ
−1
j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−3(j − 1, j)
δσ−1j−2σ
−1
j−1σ
−1
j σ
−1
j−1
≡ (j − 1, j)δσ−1k · · ·σ
−1
j σ
−1
j−1
≡ (i+ 1, j)δσ−1k · · ·σ
−1
j σ
−1
j−1.
If i < j − 2 , then
σ−1k · · ·σ
−1
j−2{(ij)
δ, (j − 1, j)}σ−1j−1σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
i {(ij)
δ, (i+ 1, j)}σ−1i+1 · · ·σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
i−1{{(i+ 1, j)
δ, (i, i+ 1)}, (ij)}σ−1i · · ·σ
−1
j σ
−1
j−1
≡ σ−1k · · ·σ
−1
i−1(i+ 1, j)
δσ−1i · · ·σ
−1
j σ
−1
j−1
≡ (i+ 1, j)δσ−1k · · ·σ
−1
j σ
−1
j−1.
2) i < k < j.
σ−1j σ
−1
k · · ·σ
−1
j−1{(i, j + 1)
δ, (j, j + 1)}σ−1j
≡ σ−1j {(i, j + 1)
δ, (k, j + 1)}σ−1k · · ·σ
−1
j
≡ {(ij)δ, (kj)}σ−1k · · ·σ
−1
j σ
−1
j−1 and
σ−1k · · ·σ
−1
j σ
−1
j−1(ij)
δ
≡ σ−1k · · ·σ
−1
j (i, j − 1)
δσ−1j−1
≡ σ−1k · · ·σ
−1
j−1(i, j − 1)
δσ−1j σ
−1
j−1
≡ σ−1k · · ·σ
−1
j−2{(ij)
δ, (j − 1, j)}σ−1j−1σ
−1
j σ
−1
j−1
≡ {(ij)δ, (kj)}σ−1k · · ·σ
−1
j σ
−1
j−1.
(15) ∧ (14)
Let f = σ−1j σ
−1
k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j σ
−1
q − σ
−1
q σ
−1
j , j < q − 1. Then
w = σ−1j σ
−1
k · · ·σ
−1
j σ
−1
q and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1σ
−1
q σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1σ
−1
q
≡ σ−1q σ
−1
j σ
−1
k · · ·σ
−1
j−1σ
−1
j − σ
−1
q σ
−1
k · · ·σ
−1
j σ
−1
j−1
≡ σ−1q σ
−1
k · · ·σ
−1
j−1σ
−1
j σ
−1
j−1 − σ
−1
q σ
−1
k · · ·σ
−1
j σ
−1
j−1
≡ 0.
(15) ∧ (15)
Let f = σ−1j σ
−1
k · · ·σ
−1
j −σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j σ
−1
l · · ·σ
−1
j −σ
−1
l · · ·σ
−1
j σ
−1
j−1, l <
j. Then w = σ−1j σ
−1
k · · ·σ
−1
j σ
−1
l · · ·σ
−1
j and
(f, g)w = −σ
−1
k · · ·σ
−1
j σ
−1
j−1σ
−1
l · · ·σ
−1
j + σ
−1
j σ
−1
k · · ·σ
−1
j−1σ
−1
l · · ·σ
−1
j σ
−1
j−1.
There are two cases to consider.
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1) l = j − 1.
σ−1k · · ·σ
−1
j σ
−1
j−1σ
−1
l · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j (j − 1, j)
−1σ−1j
≡ (j, j + 1)−1σ−1k · · ·σ
−1
j−1(j, j + 1)
−1
≡ (j, j + 1)−1(k, j + 1)−1σ−1k · · ·σ
−1
j−1 and
σ−1j σ
−1
k · · ·σ
−1
j−1σ
−1
l · · ·σ
−1
j σ
−1
j−1
≡ σ−1j σ
−1
k · · ·σ
−1
j−2(j − 1, j)
−1σ−1j σ
−1
j−1
≡ σ−1j (kj)
−1σ−1k · · ·σ
−1
j−2σ
−1
j σ
−1
j−1
≡ {(k, j + 1)−1, (j, j + 1)}(j, j + 1)−1σ−1k · · ·σ
−1
j−1
≡ (j, j + 1)−1(k, j + 1)−1σ−1k · · ·σ
−1
j−1.
2) l < j − 1.
σ−1k · · ·σ
−1
j σ
−1
j−1σ
−1
l · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j σ
−1
l · · ·σ
−1
j σ
−1
j−2
≡ σkj+1σlj+1σ
−1
j−2
≡
{
σlj+1σk−1jσ
−1
j−2 if l < k,
(k, l + 1)−1σl+1j+1σkjσ
−1
j−2 if k ≤ l.
If l < k, then
σ−1j σ
−1
k · · ·σ
−1
j−1σ
−1
l · · ·σ
−1
j σ
−1
j−1
≡ σ−1j σkjσljσ
−1
j σ
−1
j−1
≡ σ−1j σljσk−1j−1σ
−1
j σ
−1
j−1
≡ σ−1j σlj+1σk−1j
≡ σlj+1σk−1jσ
−1
j−2.
If k ≤ l, then k ≤ l < j − 1 and
σ−1j σ
−1
k · · ·σ
−1
j−1σ
−1
l · · ·σ
−1
j σ
−1
j−1
≡ σ−1j σkjσljσ
−1
j σ
−1
j−1
≡ σ−1j (k, l + 1)
−1σl+1jσkj−1σ
−1
j σ
−1
j−1
≡ σ−1j (k, l + 1)
−1σl+1j+1σkj
≡ (k, l + 1)−1σl+1j+1σkjσ
−1
j−2.
(15) ∧ (16)
Let f = σ−1j σ
−1
k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j, g = σ
−1
j σ
−1
j − (j, j + 1)
−1. Then w =
σ−1j σ
−1
k · · ·σ
−1
j σ
−1
j and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j−1(j, j + 1)
−1 − σ−1k · · ·σ
−1
j σ
−1
j−1σ
−1
j
≡ σ−1j (k, j + 1)
−1σ−1k · · ·σ
−1
j−1 − σ
−1
k · · ·σ
−1
j−1σ
−1
j−1σ
−1
j σ
−1
j−1.
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If k < j − 1, then
(f, g)w ≡ (kj)
−1σ−1j σ
−1
k · · ·σ
−1
j−1 − σ
−1
k · · ·σ
−1
j−2(j − 1, j)
−1σ−1j σ
−1
j−1
≡ (kj)−1σ−1k · · ·σ
−1
j−2σ
−1
j σ
−1
j−1 − (kj)
−1σ−1k · · ·σ
−1
j−2σ
−1
j σ
−1
j−1
≡ 0.
If k = j − 1, then
(f, g)w ≡ (j − 1, j)
−1σ−1j σ
−1
j−1 − σ
−1
j−1σ
−1
j−1σ
−1
j σ
−1
j−1
≡ (j − 1, j)−1σ−1j σ
−1
j−1 − (j − 1, j)
−1σ−1j σ
−1
j−1
≡ 0.
(16) ∧ (1)
Let f = σ−1k σ
−1
k − (k, k + 1)
−1, g = σ−1k (ij)
δ − (ij)δσ−1k , k 6= i, i − 1, j, j − 1. Then
w = σ−1k σ
−1
k (ij)
δ and
(f, g)w = σ
−1
k (ij)
δσ−1k − (k, k + 1)
−1(ij)δ.
There are three cases to consider.
1) If k ≥ j + 1, i < j < j + 1 ≤ k < k + 1, then
(f, g)w ≡ (ij)
δ(k, k+1)−1−(k, k+1)−1(ij)δ ≡ (k, k+1)−1(ij)δ−(k, k+1)−1(ij)δ ≡ 0.
2) If i < k < j − 1, i < k < k + 1 < j, then
(f, g)w ≡ (ij)
δ(k, k + 1)−1 − (ij)δ(k, k + 1)−1 ≡ 0.
3) If k < i− 1, k < k + 1 < i < j, then
(f, g)w ≡ (ij)
δ(k, k + 1)−1 − (ij)δ(k, k + 1)−1 ≡ 0.
(16) ∧ (2)
Let f = σ−1i σ
−1
i −(i, i+1)
−1, g = σ−1i (i, i+1)
δ−(i, i+1)δσ−1i . Then w = σ
−1
i σ
−1
i (i, i+1)
δ
and
(f, g)w = σ
−1
i (i, i+ 1)
δσ−1i − (i, i+ 1)
−1(i, i+ 1)δ
≡ (i, i+ 1)δσ−1i σ
−1
i − (i, i+ 1)
−1(i, i+ 1)δ
≡ (i, i+ 1)δ(i, i+ 1)−1 − (i, i+ 1)−1(i, i+ 1)δ
≡ 0.
(16) ∧ (3)
Let f = σ−1i−1σ
−1
i−1 − (i − 1, i)
−1, g = σ−1i−1(ij)
δ − (i − 1, j)δσ−1i−1, i < j. Then w =
σ−1i−1σ
−1
i−1(ij)
δ and
(f, g)w = σ
−1
i−1(i− 1, j)
δσ−1i−1 − (i− 1, i)
−1(ij)δ
≡ {(ij)δ, (i− 1, i)}(i− 1, i)−1 − (i− 1, i)−1(ij)δ
≡ (i− 1, i)−1(ij)δ − (i− 1, i)−1(ij)δ
≡ 0.
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(16) ∧ (4)
Let f = σ−1i σ
−1
i − (i, i+1)
−1, g = σ−1i (ij)
δ −{(i+1, j)δ, (i, i+1)}σ−1i , i+1 < j. Then
w = σ−1i σ
−1
i (ij)
δ and
(f, g)w = σ
−1
i {(i+ 1, j)
δ, (i, i+ 1)}σ−1i − (i, i+ 1)
−1(ij)δ
≡ {(ij)δ, (i, i+ 1)}(i, i+ 1)−1 − (i, i+ 1)−1(ij)δ
≡ (i, i+ 1)−1(ij)δ − (i, i+ 1)−1(ij)δ
≡ 0.
(16) ∧ (5)
Let f = σ−1j−1σ
−1
j−1 − (j − 1, j)
−1, g = σ−1j−1(ij)
δ − (i, j − 1)δσ−1j−1, i < j − 1. Then
w = σ−1j−1σ
−1
j−1(ij)
δ and
(f, g)w = σ
−1
j−1(i, j − 1)
δσ−1j−1 − (j − 1, j)
−1(ij)δ
≡ {(ij)δ, (j − 1, j)}(j − 1, j)−1 − (j − 1, j)−1(ij)δ
≡ 0.
(16) ∧ (6)
Let f = σ−1j σ
−1
j − (j, j + 1)
−1, g = σ−1j (ij)
δ − {(i, j + 1)δ, (j, j + 1)}σ−1j , i < j. Then
w = σ−1j σ
−1
j (ij)
δ and
(f, g)w = σ
−1
j {(i, j + 1)
δ, (j, j + 1)}σ−1j − (j, j + 1)
−1(ij)δ
≡ {(ij)δ, (j, j + 1)}(j, j + 1)−1 − (j, j + 1)−1(ij)δ
≡ 0.
(16) ∧ (14)
Let f = σ−1j σ
−1
j − (j, j + 1)
−1, g = σ−1j σ
−1
k − σ
−1
k σ
−1
j , j < k − 1. Then w = σ
−1
j σ
−1
j σ
−1
k
and
(f, g)w = σ
−1
j σ
−1
k σ
−1
j − (j, j + 1)
−1σ−1k
≡ σ−1k (j, j + 1)
−1 − (j, j + 1)−1σ−1k
≡ (j, j + 1)−1σ−1k − (j, j + 1)
−1σ−1k
≡ 0.
(16) ∧ (15)
Let f = σ−1j σ
−1
j − (j, j + 1)
−1, g = σ−1j σ
−1
k · · ·σ
−1
j − σ
−1
k · · ·σ
−1
j σ
−1
j−1, k < j. Then w =
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σ−1j σ
−1
j σ
−1
k · · ·σ
−1
j and
(f, g)w = σ
−1
j σ
−1
k · · ·σ
−1
j σ
−1
j−1 − (j, j + 1)
−1σ−1k · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j σ
−1
j−1σ
−1
j−1 − (j, j + 1)
−1σ−1k · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j (j − 1, j)
−1 − (j, j + 1)−1σ−1k · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j−1{(j − 1, j + 1)
−1, (j, j + 1)}σ−1j − (j, j + 1)
−1σ−1k · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j−2{{(j, j + 1)
−1, (j − 1, j)}, (j − 1, j + 1)}σ−1j−1σ
−1
j
−(j, j + 1)−1σ−1k · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j−2(j − 1, j + 1)
−1(j − 1, j)−1(j, j + 1)−1
(j − 1, j)(j − 1, j + 1)σ−1j−1σ
−1
j − (j, j + 1)
−1σ−1k · · ·σ
−1
j
≡ σ−1k · · ·σ
−1
j−2(j, j + 1)
−1σ−1j−1σ
−1
j − (j, j + 1)
−1σ−1k · · ·σ
−1
j
≡ (j, j + 1)−1σ−1k · · ·σ
−1
j − (j, j + 1)
−1σ−1k · · ·σ
−1
j
≡ 0.
(16) ∧ (16)
Let f = σ−1i σ
−1
i − (i, i+ 1)
−1, g = σ−1i σ
−1
i − (i, i+ 1)
−1. Then w = σ−1i σ
−1
i σ
−1
i and
(f, g)w = σ
−1
i (i, i+ 1)
−1 − (i, i+ 1)−1σ−1i ≡ (i, i+ 1)
−1σi − (i, i+ 1)
−1σi ≡ 0.
For the cases of (17) ∧ ((1) ∼ (17)) and ((1) ∼ (17)) ∧ (17), the possible compositions
are the cases of (17) ∧ ((7) ∼ (13), (17)) and ((7) ∼ (13), (17)) ∧ (17). For these cases,
we can easily check that the compositions are trivial.
This completes our proof.
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